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Introduction

Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and
number theory.

Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously
discovered theorems: e.g., Theorem 48 in Book 1.

The geometrical constructions employed in the Elements are restricted to those which can be achieved using a
straight-rule and a compass. Furthermore, empirical proofs by means of measurement are strictly forbidden: i.e.,
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater
than the other.

The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ-
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding
the sum of the angles in a triangle, and the Pythagorean theorem. Book 2 is commonly said to deal with “geometric
algebra”, since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg-
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion.
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen-
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion”, an ancient precursor to integration.
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the
five so-called Platonic solids.

This edition of Euclid’s Elements presents the definitive Greek text—i.e., that edited by J.L. Heiberg (1883–
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included.
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English)
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material
which is implied, but not actually present, in the Greek text.
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ELEMENTS BOOK 1

Fundamentals of plane geometry involving
straight-lines
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ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

+Οροι. Definitions

α΄. Σηµε1όν 4στιν, ο7 µέρος ο:θέν. 1. A point is that of which there is no part.
β΄. Γραµµ> δ@ µAκος Cπλατές. 2. And a line is a length without breadth.
γ΄. ΓραµµAς δ@ πέρατα σηµε1α. 3. And the extremities of a line are points.
δ΄. Ε:θε1α γραµµή 4στιν, Hτις 4ξ Jσου το1ς 4φM NαυτAς 4. A straight-line is whatever lies evenly with points

σηµείοις κε1ται. upon itself.
ε΄. MΕπιφάνεια δέ 4στιν, Q µAκος καR πλάτος µόνον 5. And a surface is that which has length and breadth

Sχει. alone.
U΄. MΕπιφανείας δ@ πέρατα γραµµαί. 6. And the extremities of a surface are lines.
ζ΄. MΕπίπεδος 4πιφάνειά 4στιν, Hτις 4ξ Jσου τα1ς 4φM 7. A plane surface is whatever lies evenly with

NαυτAς ε:θείαις κε1ται. straight-lines upon itself.
η΄. MΕπίπεδος δ@ γωνία 4στRν X 4ν 4πιπέδY δύο 8. And a plane angle is the inclination of the lines,

γραµµ[ν \πτοµένων Cλλήλων καR µ> 4πM ε:θείας when two lines in a plane meet one another, and are not
κειµένων πρ]ς Cλλήλας τ[ν γραµµ[ν κλίσις. laid down straight-on with respect to one another.

θ΄. +Οταν δ@ α^ περιέχουσαι τ>ν γωνίαν γραµµαR 9. And when the lines containing the angle are
ε:θε1αι _σιν, ε:θύγραµµος καλε1ται X γωνία. straight then the angle is called rectilinear.

ι΄. +Οταν δ@ ε:θε1α 4πM ε:θε1αν σταθε1σα τ`ς 4φεξAς 10. And when a straight-line stood upon (another)
γωνίας Jσας Cλλήλαις ποιa, bρθ> Nκατέρα τ[ν Jσων straight-line makes adjacent angles (which are) equal to
γωνι[ν 4στι, καR X 4φεστηκυ1α ε:θε1α κάθετος καλε1ται, one another, each of the equal angles is a right-angle, and
4φM cν 4φέστηκεν. the former straight-line is called perpendicular to that

ια΄. MΑµβλε1α γωνία 4στRν X µείζων bρθAς. upon which it stands.
ιβ΄. MΟξε1α δ@ X 4λάσσων bρθAς. 11. An obtuse angle is greater than a right-angle.
ιγ΄. +Ορος 4στίν, e τινός 4στι πέρας. 12. And an acute angle is less than a right-angle.
ιδ΄. ΣχAµά 4στι τ] fπό τινος g τινων eρων πε- 13. A boundary is that which is the extremity of some-

ριεχόµενον. thing.
ιε΄. Κύκλος 4στR σχAµα 4πίπεδον fπ] µιiς γραµµAς 14. A figure is that which is contained by some bound-

περιεχόµενον [c καλε1ται περιφέρεια], πρ]ς cν CφM ary or boundaries.
Nν]ς σηµείου τ[ν 4ντ]ς τοj σχήµατος κειµένων πiσαι 15. A circle is a plane figure contained by a single
α^ προσπίπτουσαι ε:θε1αι [πρ]ς τ>ν τοj κύκλου πε- line [which is called a circumference], (such that) all of
ριφέρειαν] Jσαι Cλλήλαις εkσίν. the straight-lines radiating towards [the circumference]

ιU΄. Κέντρον δ@ τοj κύκλου τ] σηµε1ον καλε1ται. from a single point lying inside the figure are equal to
ιζ΄. ∆ιάµετρος δ@ τοj κύκλου 4στRν ε:θε1ά τις δι` τοj one another.

κέντρου mγµένη καR περατουµένη 4φM Nκάτερα τ` µέρη 16. And the point is called the center of the circle.
fπ] τAς τοj κύκλου περιφερείας, Hτις καR δίχα τέµνει 17. And a diameter of the circle is any straight-line,
τ]ν κύκλον. being drawn through the center, which is brought to an

ιη΄. nΗµικύκλιον δέ 4στι τ] περιεχόµενον σχAµα fπό end in each direction by the circumference of the circle.

τε τAς διαµέτρου καR τAς Cπολαµβανοµένης fπM α:τAς And any such (straight-line) cuts the circle in half.†

περιφερείας. κέντρον δ@ τοj Xµικυκλίου τ] α:τό, Q καR 18. And a semi-circle is the figure contained by the
τοj κύκλου 4στίν. diameter and the circumference it cuts off. And the center

ιθ΄. Σχήµατα ε:θύγραµµά 4στι τ` fπ] ε:θει[ν πε- of the semi-circle is the same (point) as (the center of) the
ριεχόµενα, τρίπλευρα µ@ν τ` fπ] τρι[ν, τετράπλευρα circle.
δ@ τ` fπ] τεσσάρων, πολύπλευρα δ@ τ` fπ] πλειόνων p 19. Rectilinear figures are those figures contained by
τεσσάρων ε:θει[ν περιεχόµενα. straight-lines: trilateral figures being contained by three

κ΄. Τ[ν δ@ τριπλεύρων σχηµάτων kσόπλευρον µ@ν straight-lines, quadrilateral by four, and multilateral by
τρίγωνόν 4στι τ] τ`ς τρε1ς Jσας Sχον πλευράς, kσοσκελ@ς more than four.
δ@ τ] τ`ς δύο µόνας Jσας Sχον πλευράς, σκαλην]ν δ@ τ] 20. And of the trilateral figures: an equilateral trian-
τ`ς τρε1ς Cνίσους Sχον πλευράς. gle is that having three equal sides, an isosceles (triangle)

κα΄ qΕτι δ@ τ[ν τριπλεύρων σχηµάτων bρθογώνιον that having only two equal sides, and a scalene (triangle)
µ@ν τρίγωνόν 4στι τ] Sχον bρθ>ν γωνίαν, Cµβλυγώνιον that having three unequal sides.
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ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

δ@ τ] Sχον Cµβλε1αν γωνίαν, bξυγώνιον δ@ τ] τ`ς τρε1ς 21. And further of the trilateral figures: a right-angled
bξείας Sχον γωνίας. triangle is that having a right-angle, an obtuse-angled

κβ΄. Τsν δ@ τετραπλεύρων σχηµάτων τετράγωνον µέν (triangle) that having an obtuse angle, and an acute-
4στιν, Q kσόπλευρόν τέ 4στι καR bρθογώνιον, Nτερόµηκες angled (triangle) that having three acute angles.
δέ, Q bρθογώνιον µέν, ο:κ kσόπλευρον δέ, tόµβος δέ, 22. And of the quadrilateral figures: a square is that
Q kσόπλευρον µέν, ο:κ bρθογώνιον δέ, tοµβοειδ@ς δ@ which is right-angled and equilateral, a rectangle that
τ] τ`ς Cπεναντίον πλευράς τε καR γωνίας Jσας Cλλήλαις which is right-angled but not equilateral, a rhombus that
Sχον, Q οuτε kσόπλευρόν 4στιν οuτε bρθογώνιον· τ` δ@ which is equilateral but not right-angled, and a rhomboid
παρ` ταjτα τετράπλευρα τραπέζια καλείσθω. that having opposite sides and angles equal to one an-

κγ΄. Παράλληλοί εkσιν ε:θε1αι, αxτινες 4ν τy α:τy other which is neither right-angled nor equilateral. And
4πιπέδY οzσαι καR 4κβαλλόµεναι εkς {πειρον 4φM Nκάτερα let quadrilateral figures besides these be called trapezia.
τ` µέρη 4πR µηδέτερα συµπίπτουσιν Cλλήλαις. 23. Parallel lines are straight-lines which, being in the

same plane, and being produced to infinity in each direc-
tion, meet with one another in neither (of these direc-
tions).

† This should really be counted as a postulate, rather than as part of a definition.

Αkτήµατα. Postulates

α΄. MΗιτήσθω Cπ] παντ]ς σηµείου 4πR πiν σηµε1ον 1. Let it have been postulated to draw a straight-line
ε:θε1αν γραµµ>ν Cγαγε1ν. from any point to any point.

β΄. ΚαR πεπερασµένην ε:θε1αν κατ` τ] συνεχ@ς 4πM 2. And to produce a finite straight-line continuously
ε:θείας 4κβαλε1ν. in a straight-line.

γ΄. ΚαR παντR κέντρY καR διαστήµατι κύκλον γράφεσ- 3. And to draw a circle with any center and radius.
θαι. 4. And that all right-angles are equal to one another.

δ΄. ΚαR πάσας τ`ς bρθ`ς γωνίας Jσας Cλλήλαις ε|ναι. 5. And that if a straight-line falling across two (other)
ε΄. ΚαR 4`ν εkς δύο ε:θείας ε:θε1α 4µπίπτουσα straight-lines makes internal angles on the same side (of

τ`ς 4ντ]ς καR 4πR τ` α:τ` µέρη γωνίας δύο bρθ[ν itself whose sum is) less than two right-angles, then, be-
4λάσσονας ποιa, 4κβαλλοµένας τ`ς δύο ε:θείας 4πM {πει- ing produced to infinity, the two (other) straight-lines
ρον συµπίπτειν, 4φM } µέρη εkσRν α^ τ[ν δύο bρθ[ν meet on that side (of the original straight-line) that the
4λάσσονες. (sum of the internal angles) is less than two right-angles

(and do not meet on the other side).†

† This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space.

ΚοιναR Sννοιαι. Common Notions

α΄. Τ` τy α:τy Jσα καR Cλλήλοις 4στRν Jσα. 1. Things equal to the same thing are also equal to
β΄. ΚαR 4`ν Jσοις Jσα προστεθa, τ` eλα 4στRν Jσα. one another.
γ΄. ΚαR 4`ν Cπ] Jσων ~σα Cφαιρεθa, τ` καταλειπόµενά 2. And if equal things are added to equal things then

4στιν Jσα. the wholes are equal.
δ΄. ΚαR τ` 4φαρµόζοντα 4πM Cλλήλα Jσα Cλλήλοις 3. And if equal things are subtracted from equal things

4στίν. then the remainders are equal.†

ε΄. ΚαR τ] eλον τοj µέρους µε1ζόν [4στιν]. 4. And things coinciding with one another are equal
to one another.

5. And the whole [is] greater than the part.

† As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains

an inequality of the same type.
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ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

α΄. Proposition 1

MΕπR τAς δοθείσης ε:θείας πεπερασµένης τρίγωνον To construct an equilateral triangle on a given finite
kσόπλευρον συστήσασθαι. straight-line.

∆ Α

Γ

Β Ε BA ED

C

qΕστω X δοθε1σα ε:θε1α πεπερασµένη X ΑΒ. Let AB be the given finite straight-line.
∆ε1 δ> 4πR τAς ΑΒ ε:θείας τρίγωνον kσόπλευρον So it is required to construct an equilateral triangle on

συστήσασθαι. the straight-line AB.
ΚέντρY µ@ν τy Α διαστήµατι δ@ τy ΑΒ κύκλος Let the circle BCD with center A and radius AB have

γεγράφθω � ΒΓ∆, καR πάλιν κέντρY µ@ν τy Β διαστήµατι been drawn [Post. 3], and again let the circle ACE with
δ@ τy ΒΑ κύκλος γεγράφθω � ΑΓΕ, καR Cπ] τοj Γ center B and radius BA have been drawn [Post. 3]. And
σηµείου, καθM Q τέµνουσιν Cλλήλους ο^ κύκλοι, 4πί τ` Α, let the straight-lines CA and CB have been joined from

Β σηµε1α 4πεζεύχθωσαν ε:θε1αι α^ ΓΑ, ΓΒ. the point C, where the circles cut one another,† to the
ΚαR 4πεR τ] Α σηµε1ον κέντρον 4στR τοj Γ∆Β κύκλου, points A and B (respectively) [Post. 1].

Jση 4στRν X ΑΓ τa ΑΒ· πάλιν, 4πεR τ] Β σηµε1ον κέντρον And since the point A is the center of the circle CDB,
4στR τοj ΓΑΕ κύκλου, Jση 4στRν X ΒΓ τa ΒΑ. 4δείχθη AC is equal to AB [Def. 1.15]. Again, since the point
δ@ καR X ΓΑ τa ΑΒ Jση· Nκατέρα {ρα τ[ν ΓΑ, ΓΒ τa B is the center of the circle CAE, BC is equal to BA
ΑΒ 4στιν Jση. τ` δ@ τy α:τy Jσα καR Cλλήλοις 4στRν Jσα· [Def. 1.15]. But CA was also shown (to be) equal to AB.
καR X ΓΑ {ρα τa ΓΒ 4στιν Jση· α^ τρε1ς {ρα α^ ΓΑ, ΑΒ, Thus, CA and CB are each equal to AB. But things equal
ΒΓ Jσαι Cλλήλαις εkσίν. to the same thing are also equal to one another [C.N. 1].

MΙσόπλευρον �ρα 4στR τ] ΑΒΓ τρίγωνον. καR Thus, CA is also equal to CB. Thus, the three (straight-
συνέσταται 4πR τAς δοθείσης ε:θείας πεπερασµένης τAς lines) CA, AB, and BC are equal to one another.
ΑΒ· eπερ Sδει ποιAσαι. Thus, the triangle ABC is equilateral, and has been

constructed on the given finite straight-line AB. (Which
is) the very thing it was required to do.

† The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption

that two straight-lines cannot share a common segment.

β΄. Proposition 2†

Πρ]ς τy δοθέντι σηµείY τa δοθείσ� ε:θεί� Jσην To place a straight-line equal to a given straight-line
ε:θε1αν θέσθαι. at a given point.

qΕστω τ] µ@ν δοθ@ν σηµε1ον τ] Α, X δ@ δοθε1σα Let A be the given point, and BC the given straight-
ε:θε1α X ΒΓ· δε1 δ> πρ]ς τy Α σηµείY τa δοθείσ� line. So it is required to place a straight-line at point A
ε:θεί� τa ΒΓ Jσην ε:θε1αν θέσθαι. equal to the given straight-line BC.

MΕπεζεύχθω γ`ρ Cπ] τοj Α σηµείου 4πί τ] Β For let the straight-line AB have been joined from
σηµε1ον ε:θε1α X ΑΒ, καR συνεστάτω 4πM α:τAς τρίγωνον point A to point B [Post. 1], and let the equilateral trian-
kσόπλευρον τ] ∆ΑΒ, καR 4κβεβλήσθωσαν 4πM ε:θείας gle DAB have been been constructed upon it [Prop. 1.1].
τα1ς ∆Α, ∆Β ε:θε1αι α^ ΑΕ, ΒΖ, καR κέντρY µ@ν τy And let the straight-lines AE and BF have been pro-
Β διαστήµατι δ@ τy ΒΓ κύκλος γεγράφθω � ΓΗΘ, duced in a straight-line with DA and DB (respectively)
καR πάλιν κέντρY τy ∆ καR διαστήµατι τy ∆Η κύκλος [Post. 2]. And let the circle CGH with center B and ra-
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ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

γεγράφθω � ΗΚΛ. dius BC have been drawn [Post. 3], and again let the cir-
cle GKL with center D and radius DG have been drawn
[Post. 3].

Θ
Κ

Α

Β

Γ

∆

Η

Ζ

Λ

Ε

L

K

H

C

D

B

A

G

F

E

MΕπεR οzν τ] Β σηµε1ον κέντρον 4στR τοj ΓΗΘ, Jση Therefore, since the point B is the center of (the cir-
4στRν X ΒΓ τa ΒΗ. πάλιν, 4πεR τ] ∆ σηµε1ον κέντρον cle) CGH , BC is equal to BG [Def. 1.15]. Again, since
4στR τοj ΗΚΛ κύκλου, Jση 4στRν X ∆Λ τa ∆Η, �ν X the point D is the center of the circle GKL, DL is equal
∆Α τa ∆Β Jση 4στίν. λοιπ> {ρα X ΑΛ λοιπa τa ΒΗ to DG [Def. 1.15]. And within these, DA is equal to DB.
4στιν Jση. 4δείχθη δ@ καR X ΒΓ τa ΒΗ Jση· Nκατέρα {ρα Thus, the remainder AL is equal to the remainder BG
τ[ν ΑΛ, ΒΓ τa ΒΗ 4στιν Jση. τ` δ@ τy α:τy Jσα καR [C.N. 3]. But BC was also shown (to be) equal to BG.
Cλλήλοις 4στRν Jσα· καR X ΑΛ {ρα τa ΒΓ 4στιν Jση. Thus, AL and BC are each equal to BG. But things equal

Πρ]ς {ρα τy δοθέντι σηµείY τy Α τa δοθείσ� to the same thing are also equal to one another [C.N. 1].
ε:θεί� τa ΒΓ Jση ε:θε1α κε1ται X ΑΛ· eπερ Sδει ποιAσαι. Thus, AL is also equal to BC.

Thus, the straight-line AL, equal to the given straight-
line BC, has been placed at the given point A. (Which
is) the very thing it was required to do.

† This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations,

Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader.

γ΄. Proposition 3

∆ύο δοθεισ[ν ε:θει[ν Cνίσων Cπ] τAς µείζονος τa For two given unequal straight-lines, to cut off from
4λάσσονι Jσην ε:θε1αν Cφελε1ν. the greater a straight-line equal to the lesser.

qΕστωσαν α^ δοθε1σαι δύο ε:θε1αι {νισοι α^ ΑΒ, Γ, Let AB and C be the two given unequal straight-lines,
�ν µείζων Sστω X ΑΒ· δε1 δ> Cπ] τAς µείζονος τAς ΑΒ of which let the greater be AB. So it is required to cut off
τa 4λάσσονι τa Γ Jσην ε:θε1αν Cφελε1ν. a straight-line equal to the lesser C from the greater AB.

Κείσθω πρ]ς τy Α σηµείY τa Γ ε:θεί� Jση X Α∆· Let the line AD, equal to the straight-line C, have
καR κέντρY µ@ν τy Α διαστήµατι δ@ τy Α∆ κύκλος been placed at point A [Prop. 1.2]. And let the circle
γεγράφθω � ∆ΕΖ. DEF have been drawn with center A and radius AD

ΚαR 4πεR τ] Α σηµε1ον κέντρον 4στR τοj ∆ΕΖ [Post. 3].
κύκλου, Jση 4στRν X ΑΕ τa Α∆· Cλλ` καR X Γ τa Α∆ And since point A is the center of circle DEF , AE
4στιν Jση. Nκατέρα {ρα τ[ν ΑΕ, Γ τa Α∆ 4στιν Jση· is equal to AD [Def. 1.15]. But, C is also equal to AD.
�στε καR X ΑΕ τa Γ 4στιν Jση. Thus, AE and C are each equal to AD. So AE is also
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ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

equal to C [C.N. 1].

∆

Γ

Α
Ε

Β

Ζ

E

D

C

A

F

B

∆ύο {ρα δοθεισ[ν ε:θει[ν Cνίσων τ[ν ΑΒ, Γ Cπ] Thus, for two given unequal straight-lines, AB and C,
τAς µείζονος τAς ΑΒ τa 4λάσσονι τa Γ Jση Cφ�ρηται X the (straight-line) AE, equal to the lesser C, has been cut
ΑΕ· eπερ Sδει ποιAσαι. off from the greater AB. (Which is) the very thing it was

required to do.

δ΄. Proposition 4

MΕ`ν δύο τρίγωνα τ`ς δύο πλευρ`ς [τα1ς] δυσR If two triangles have two corresponding sides equal,
πλευρα1ς Jσας Sχ� Nκατέραν Nκατέρ� καR τ>ν γωνίαν τa and have the angles enclosed by the equal sides equal,
γωνί� Jσην Sχ� τ>ν fπ] τ[ν Jσων ε:θει[ν περιεχοµένην, then they will also have equal bases, and the two trian-
καR τ>ν βάσιν τ� βάσει Jσην �ξει, καR τ] τρίγωνον τy gles will be equal, and the remaining angles subtended
τριγώνY Jσον Sσται, καR α^ λοιπαR γωνίαι τα1ς λοιπα1ς by the equal sides will be equal to the corresponding re-
γωνίαις Jσαι Sσονται Nκατέρα Nκατέρ�, fφM }ς α^ Jσαι maining angles.
πλευραR fποτείνουσιν.

∆

Β

Α

Γ Ε Ζ FB

A

C E

D

qΕστω δύο τρίγωνα τ` ΑΒΓ, ∆ΕΖ τ`ς δύο πλευρ`ς Let ABC and DEF be two triangles having the two
τ`ς ΑΒ, ΑΓ τα1ς δυσR πλευρα1ς τα1ς ∆Ε, ∆Ζ Jσας Sχοντα sides AB and AC equal to the two sides DE and DF , re-
Nκατέραν Nκατέρ� τ>ν µ@ν ΑΒ τa ∆Ε τ>ν δ@ ΑΓ τa spectively. (That is) AB to DE, and AC to DF . And (let)
∆Ζ καR γωνίαν τ>ν fπ] ΒΑΓ γωνί� τa fπ] Ε∆Ζ Jσην. the angle BAC (be) equal to the angle EDF . I say that
λέγω, eτι καR βάσις X ΒΓ βάσει τa ΕΖ Jση 4στίν, καR the base BC is also equal to the base EF , and triangle
τ] ΑΒΓ τρίγωνον τy ∆ΕΖ τριγώνY Jσον Sσται, καR α^ ABC will be equal to triangle DEF , and the remaining
λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι Sσονται Nκατέρα angles subtended by the equal sides will be equal to the
Nκατέρ�, fφM }ς α^ ~σαι πλευραR fποτείνουσιν, X µ@ν fπ] corresponding remaining angles. (That is) ABC to DEF ,
ΑΒΓ τa fπ] ∆ΕΖ, X δ@ fπ] ΑΓΒ τa fπ] ∆ΖΕ. and ACB to DFE.

MΕφαρµοζοµένου γ`ρ τοj ΑΒΓ τριγώνου 4πR τ] ∆ΕΖ Let the triangle ABC be applied to the triangle

τρίγωνον καR τιθεµένου τοj µ@ν Α σηµείου 4πR τ] ∆ DEF ,† the point A being placed on the point D, and
σηµε1ον τAς δ@ ΑΒ ε:θείας 4πR τ>ν ∆Ε, 4φαρµόσει καR the straight-line AB on DE. The point B will also coin-
τ] Β σηµε1ον 4πR τ] Ε δι` τ] Jσην ε|ναι τ>ν ΑΒ τa cide with E, on account of AB being equal to DE. So
∆Ε· 4φαρµοσάσης δ> τAς ΑΒ 4πR τ>ν ∆Ε 4φαρµόσει (because of) AB coinciding with DE, the straight-line

10
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καR X ΑΓ ε:θε1α 4πR τ>ν ∆Ζ δι` τ] Jσην ε|ναι τ>ν fπ] AC will also coincide with DF , on account of the angle
ΒΑΓ γωνίαν τa fπ] Ε∆Ζ· �στε καR τ] Γ σηµε1ον 4πR BAC being equal to EDF . So the point C will also co-
τ] Ζ σηµε1ον 4φαρµόσει δι` τ] Jσην πάλιν ε|ναι τ>ν ΑΓ incide with the point F , again on account of AC being
τa ∆Ζ. Cλλ` µ>ν καR τ] Β 4πR τ] Ε 4φηρµόκει· �στε equal to DF . But, point B certainly also coincided with
βάσις X ΒΓ 4πR βάσιν τ>ν ΕΖ 4φαρµόσει. εk γ`ρ τοj point E, so that the base BC will coincide with the base
µ@ν Β 4πR τ] Ε 4φαρµόσαντος τοj δ@ Γ 4πR τ] Ζ X ΒΓ EF . For if B coincides with E, and C with F , and the
βάσις 4πR τ>ν ΕΖ ο:κ 4φαρµόσει, δύο ε:θε1αι χωρίον base BC does not coincide with EF , then two straight-
περιέξουσιν· eπερ 4στRν Cδύνατον. 4φαρµόσει {ρα X ΒΓ lines will encompass an area. The very thing is impossible

βάσις 4πR τ>ν ΕΖ καR Jση α:τa Sσται· �στε καR eλον τ] [Post. 1].‡ Thus, the base BC will coincide with EF , and
ΑΒΓ τρίγωνον 4πR eλον τ] ∆ΕΖ τρίγωνον 4φαρµόσει will be equal to it [C.N. 4]. So the whole triangle ABC
καR Jσον α:τy Sσται, καR α^ λοιπαR γωνίαι 4πR τ`ς λοιπ`ς will coincide with the whole triangle DEF , and will be
γωνίας 4φαρµόσουσι καR Jσαι α:τα1ς Sσονται, X µ@ν fπ] equal to it [C.N. 4]. And the remaining angles will co-
ΑΒΓ τa fπ] ∆ΕΖ X δ@ fπ] ΑΓΒ τa fπ] ∆ΖΕ. incide with the remaining angles, and will be equal to

MΕ`ν {ρα δύο τρίγωνα τ`ς δύο πλευρ`ς [τα1ς] δύο them [C.N. 4]. (That is) ABC to DEF , and ACB to
πλευρα1ς Jσας Sχ� Nκατέραν Nκατέρ� καR τ>ν γωνίαν τa DFE [C.N. 4].
γωνί� Jσην Sχ� τ>ν fπ] τ[ν Jσων ε:θει[ν περιεχοµένην, Thus, if two triangles have two corresponding sides
καR τ>ν βάσιν τ� βάσει Jσην �ξει, καR τ] τρίγωνον τy equal, and have the angles enclosed by the equal sides
τριγώνY Jσον Sσται, καR α^ λοιπαR γωνίαι τα1ς λοιπα1ς equal, then they will also have equal bases, and the two
γωνίαις Jσαι Sσονται Nκατέρα Nκατέρ�, fφM }ς α^ Jσαι triangles will be equal, and the remaining angles sub-
πλευραR fποτείνουσιν· eπερ Sδει δε1ξαι. tended by the equal sides will be equal to the correspond-

ing remaining angles. (Which is) the very thing it was
required to show.

† The application of one figure to another should be counted as an additional postulate.

‡ Since Post. 1 implicitly assumes that the straight-line joining two given points is unique.

ε΄. Proposition 5

Τ[ν kσοσκελ[ν τριγώνων α^ τρ]ς τa βάσει γωνίαι Jσαι For isosceles triangles, the angles at the base are equal
Cλλήλαις εkσίν, καR προσεκβληθεισ[ν τ[ν Jσων ε:θει[ν to one another, and if the equal sides are produced then
α^ fπ] τ>ν βάσιν γωνίαι Jσαι Cλλήλαις Sσονται. the angles under the base will be equal to one another.

Ε

Α

Β

Ζ

∆

Γ

Η

B

D

F

C

G

A

E

qΕστω τρίγωνον kσοσκελ@ς τ] ΑΒΓ Jσην Sχον τ>ν Let ABC be an isosceles triangle having the side AB
ΑΒ πλευρ`ν τa ΑΓ πλευρ�, καR προσεκβεβλήσθωσαν equal to the side AC, and let the straight-lines BD and
4πM ε:θείας τα1ς ΑΒ, ΑΓ ε:θε1αι α^ Β∆, ΓΕ· λέγω, eτι CE have been produced in a straight-line with AB and
X µ@ν fπ] ΑΒΓ γωνία τa fπ] ΑΓΒ Jση 4στίν, X δ@ fπ] AC (respectively) [Post. 2]. I say that the angle ABC is
ΓΒ∆ τa fπ] ΒΓΕ. equal to ACB, and (angle) CBD to BCE.

Εkλήφθω γ`ρ 4πR τAς Β∆ τυχ]ν σηµε1ον τ] Ζ, καR For let the point F have been taken somewhere on
Cφ�ρήσθω Cπ] τAς µείζονος τAς ΑΕ τa 4λάσσονι τa ΑΖ BD, and let AG have been cut off from the greater AE,
Jση X ΑΗ, καR 4πεζεύχθωσαν α^ ΖΓ, ΗΒ ε:θε1αι. equal to the lesser AF [Prop. 1.3]. Also, let the straight-

MΕπεR οzν Jση 4στRν X µ@ν ΑΖ τa ΑΗ X δ@ ΑΒ τa lines FC and GB have been joined [Post. 1].
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ΑΓ, δύο δ> α^ ΖΑ, ΑΓ δυσR τα1ς ΗΑ, ΑΒ Jσαι εkσRν In fact, since AF is equal to AG, and AB to AC,
Nκατέρα Nκατέρ�· καR γωνίαν κοιν>ν περιέχουσι τ>ν fπ] the two (straight-lines) FA, AC are equal to the two
ΖΑΗ· βάσις {ρα X ΖΓ βάσει τa ΗΒ Jση 4στίν, καR (straight-lines) GA, AB, respectively. They also encom-
τ] ΑΖΓ τρίγωνον τy ΑΗΒ τριγώνY Jσον Sσται, καR α^ pass a common angle FAG. Thus, the base FC is equal
λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι Sσονται Nκατέρα to the base GB, and the triangle AFC will be equal to the
Nκατέρ�, fφM }ς α^ Jσαι πλευραR fποτείνουσιν, X µ@ν fπ] triangle AGB, and the remaining angles subtendend by
ΑΓΖ τa fπ] ΑΒΗ, X δ@ fπ] ΑΖΓ τa fπ] ΑΗΒ. καR 4πεR the equal sides will be equal to the corresponding remain-
eλη X ΑΖ eλ� τa ΑΗ 4στιν Jση, �ν X ΑΒ τa ΑΓ 4στιν ing angles [Prop. 1.4]. (That is) ACF to ABG, and AFC
Jση, λοιπ> {ρα X ΒΖ λοιπa τa ΓΗ 4στιν Jση. 4δείχθη δ@ to AGB. And since the whole of AF is equal to the whole
καR X ΖΓ τa ΗΒ Jση· δύο δ> α^ ΒΖ, ΖΓ δυσR τα1ς ΓΗ, of AG, within which AB is equal to AC, the remainder
ΗΒ kσαι εkσRν Nκατέρα Nκατέρ�· καR γωνία X fπ] ΒΖΓ BF is thus equal to the remainder CG [C.N. 3]. But FC
γωνί� τ� fπ] ΓΗΒ Jση, καR βάσις α:τ[ν κοιν> X ΒΓ· was also shown (to be) equal to GB. So the two (straight-
καR τ] ΒΖΓ {ρα τρίγωνον τy ΓΗΒ τριγώνY Jσον Sσται, lines) BF , FC are equal to the two (straight-lines) CG,
καR α^ λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι Sσονται GB, respectively, and the angle BFC (is) equal to the
Nκατέρα Nκατέρ�, fφM }ς α^ Jσαι πλευραR fποτείνουσιν· angle CGB, and the base BC is common to them. Thus,
Jση {ρα 4στRν X µ@ν fπ] ΖΒΓ τa fπ] ΗΓΒ X δ@ fπ] the triangle BFC will be equal to the triangle CGB, and
ΒΓΖ τa fπ] ΓΒΗ. 4πεR οzν eλη X fπ] ΑΒΗ γωνία eλ� the remaining angles subtended by the equal sides will be
τa fπ] ΑΓΖ γωνί� 4δείχθη Jση, �ν X fπ] ΓΒΗ τa fπ] equal to the corresponding remaining angles [Prop. 1.4].
ΒΓΖ Jση, λοιπ> {ρα X fπ] ΑΒΓ λοιπa τa fπ] ΑΓΒ Thus, FBC is equal to GCB, and BCF to CBG. There-
4στιν Jση· καί εkσι πρ]ς τa βάσει τοj ΑΒΓ τριγώνου. fore, since the whole angle ABG was shown (to be) equal
4δείχθη δ@ καR X fπ] ΖΒΓ τa fπ] ΗΓΒ Jση· καί εkσιν to the whole angle ACF , within which CBG is equal to
fπ] τ>ν βάσιν. BCF , the remainder ABC is thus equal to the remainder

Τ[ν {ρα kσοσκελ[ν τριγώνων α^ τρ]ς τa βάσει ACB [C.N. 3]. And they are at the base of triangle ABC.
γωνίαι Jσαι Cλλήλαις εkσίν, καR προσεκβληθεισ[ν τ[ν And FBC was also shown (to be) equal to GCB. And
Jσων ε:θει[ν α^ fπ] τ>ν βάσιν γωνίαι Jσαι Cλλήλαις they are under the base.
Sσονται· eπερ Sδει δε1ξαι. Thus, for isosceles triangles, the angles at the base are

equal to one another, and if the equal sides are produced
then the angles under the base will be equal to one an-
other. (Which is) the very thing it was required to show.

U΄. Proposition 6

MΕ`ν τριγώνου α^ δfο γωνίαι Jσαι Cλλήλαις _σιν, If a triangle has two angles equal to one another then
καR α^ fπ] τ`ς Jσας γωνίας fποτείνουσαι πλευραR Jσαι the sides subtending the equal angles will also be equal
Cλλήλαις Sσονται. to one another.

Α

Β Γ

∆ D

A

CB

qΕστω τρίγωνον τ] ΑΒΓ Jσην Sχον τ>ν fπ] ΑΒΓ Let ABC be a triangle having the angle ABC equal
γωνίαν τa fπ] ΑΓΒ γωνί�· λέγω, eτι καR πλευρ` X ΑΒ to the angle ACB. I say that side AB is also equal to side
πλευρ� τa ΑΓ 4στιν Jση. AC.

Εk γ`ρ {νισός 4στιν X ΑΒ τa ΑΓ, X Nτέρα α:τ[ν For if AB is unequal to AC then one of them is
µείζων 4στίν. Sστω µείζων X ΑΒ, καR Cφ�ρήσθω Cπ] greater. Let AB be greater. And let DB, equal to
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τAς µείζονος τAς ΑΒ τa 4λάττονι τa ΑΓ Jση X ∆Β, καR the lesser AC, have been cut off from the greater AB
4πεζεύχθω X ∆Γ. [Prop. 1.3]. And let DC have been joined [Post. 1].

MΕπεR οzν Jση 4στRν X ∆Β τa ΑΓ κοιν> δ@ X ΒΓ, Therefore, since DB is equal to AC, and BC (is) com-
δύο δ> α^ ∆Β, ΒΓ δύο τα1ς ΑΓ, ΓΒ Jσαι εkσRν Nκατέρα mon, the two sides DB, BC are equal to the two sides
Nκατέρ�, καR γωνία X fπ] ∆ΒΓ γωνι� τa fπ] ΑΓΒ 4στιν AC, CB, respectively, and the angle DBC is equal to the
Jση· βάσις {ρα X ∆Γ βάσει τa ΑΒ Jση 4στίν, καR τ] ∆ΒΓ angle ACB. Thus, the base DC is equal to the base AB,
τρίγωνον τy ΑΓΒ τριγώνY Jσον Sσται, τ] Sλασσον τy and the triangle DBC will be equal to the triangle ACB
µείζονι· eπερ {τοπον· ο:κ {ρα {νισός 4στιν X ΑΒ τa [Prop. 1.4], the lesser to the greater. The very notion (is)
ΑΓ· Jση {ρα. absurd [C.N. 5]. Thus, AB is not unequal to AC. Thus,

MΕ`ν {ρα τριγώνου α^ δfο γωνίαι Jσαι Cλλήλαις _σιν, (it is) equal.†

καR α^ fπ] τ`ς Jσας γωνίας fποτείνουσαι πλευραR Jσαι Thus, if a triangle has two angles equal to one another
Cλλήλαις Sσονται· eπερ Sδει δε1ξαι. then the sides subtending the equal angles will also be

equal to one another. (Which is) the very thing it was
required to show.

† Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use

is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be

equal to one another.

ζ΄. Proposition 7

MΕπR τAς α:τAς ε:θείας δύο τα1ς α:τα1ς ε:θείαις {λλαι On the same straight-line, two other straight-lines
δύο ε:θε1αι Jσαι Nκατέρα Nκατέρ� ο: συσταθήσονται equal, respectively, to two (given) straight-lines (which
πρ]ς {λλY καR {λλY σηµείY 4πR τ` α:τ` µέρη τ` α:τ` meet) cannot be constructed (meeting) at a different
πέρατα Sχουσαι τα1ς 4ξ CρχAς ε:θείαις. point on the same side (of the straight-line), but having

the same ends as the given straight-lines.

ΒΑ

Γ
∆

BA

C

D

Εk γ`ρ δυνατόν, 4πR τAς α:τAς ε:θείας τAς ΑΒ δύο For, if possible, let the two straight-lines AD, DB,
τα1ς α:τα1ς ε:θείαις τα1ς ΑΓ, ΓΒ {λλαι δύο ε:θε1αι α^ equal to two (given) straight-lines AC, CB, respectively,
Α∆, ∆Β Jσαι Nκατέρα Nκατερ� συνεστάτωσαν πρ]ς {λλY have been constructed on the same straight-line AB,
καR {λλY σηµείY τy τε Γ καR ∆ 4πR τ` α:τ` µέρη τ` meeting at different points, C and D, on the same side
α:τ` πέρατα Sχουσαι, �στε Jσην ε|ναι τAν µ@ν ΓΑ τa (of AB), and having the same ends (on AB). So CA and
∆Α τ] α:τ] πέρας Sχουσαν α:τa τ] Α, τ>ν δ@ ΓΒ τa DA are equal, having the same ends at A, and CB and
∆Β τ] α:τ] πέρας Sχουσαν α:τa τ] Β, καR 4πεζεύχθω X DB are equal, having the same ends at B. And let CD
Γ∆. have been joined [Post. 1].

MΕπεR οzν Jση 4στRν X ΑΓ τa Α∆, Jση 4στR καR γωνία Therefore, since AC is equal to AD, the angle ACD
X fπ] ΑΓ∆ τa fπ] Α∆Γ· µείζων {ρα X fπ] Α∆Γ τAς is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is)
fπ] ∆ΓΒ· πολλy {ρα X fπ] Γ∆Β µείζων 4στί τAς fπ] greater than DCB [C.N. 5]. Thus, CDB is much greater
∆ΓΒ. πάλιν 4πεR Jση 4στRν X ΓΒ τa ∆Β, Jση 4στR καR than DCB [C.N. 5]. Again, since CB is equal to DB, the
γωνία X fπ] Γ∆Β γωνί� τa fπ] ∆ΓΒ. 4δείχθη δ@ α:τAς angle CDB is also equal to angle DCB [Prop. 1.5]. But
καR πολλy µείζων· eπερ 4στRν Cδύατον. it was shown that the former (angle) is also much greater

Ο:κ {ρα 4πR τAς α:τAς ε:θείας δύο τα1ς α:τα1ς (than the latter). The very thing is impossible.
ε:θείαις {λλαι δύο ε:θε1αι Jσαι Nκατέρα Nκατέρ� συ- Thus, on the same straight-line, two other straight-
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σταθήσονται πρ]ς {λλY καR {λλY σηµείY 4πR τ` α:τ` lines equal, respectively, to two (given) straight-lines
µέρη τ` α:τ` πέρατα Sχουσαι τα1ς 4ξ CρχAς ε:θείαις· (which meet) cannot be constructed (meeting) at a dif-
eπερ Sδει δε1ξαι. ferent point on the same side (of the straight-line), but

having the same ends as the given straight-lines. (Which
is) the very thing it was required to show.

η΄. Proposition 8

MΕ`ν δύο τρίγωνα τ`ς δύο πλευρ`ς [τα1ς] δύο If two triangles have two corresponding sides equal,
πλευρα1ς Jσας Sχ� Nκατέραν Nκατέρ�, Sχ� δ@ καR τ>ν and also have equal bases, then the angles encompassed
βάσιν τa βάσει Jσην, καR τ>ν γωνίαν τa γωνί� Jσην �ξει by the equal straight-lines will also be equal.
τ>ν fπ] τ[ν Jσων εfθει[ν περιεχοµένην.

Ε

Α

Β

Γ

∆ Η

Ζ

D
G

B
E

F
C

A

qΕστω δύο τρίγωνα τ` ΑΒΓ, ∆ΕΖ τ`ς δύο πλευρ`ς Let ABC and DEF be two triangles having the two
τ`ς ΑΒ, ΑΓ τα1ς δύο πλευρα1ς τα1ς ∆Ε, ∆Ζ Jσας Sχοντα sides AB and AC equal to the two sides DE and DF ,
Nκατέραν Nκατέρ�, τ>ν µ@ν ΑΒ τa ∆Ε τ>ν δ@ ΑΓ τa ∆Ζ· respectively. (That is) AB to DE, and AC to DF . Let
4χέτω δ@ καR βάσιν τ>ν ΒΓ βάσει τa ΕΖ Jσην· λέγω, eτι them also have the base BC equal to the base EF . I say
καR γωνία X fπ] ΒΑΓ γωνί� τa fπ] Ε∆Ζ 4στιν Jση. that the angle BAC is also equal to the angle EDF .

MΕφαρµοζοµένου γ`ρ τοj ΑΒΓ τριγώνου 4πR τ] ∆ΕΖ For if triangle ABC is applied to triangle DEF , the
τρίγωνον καR τιθεµένου τοj µ@ν Β σηµείου 4πR τ] Ε point B being placed on point E, and the straight-line
σηµε1ον τAς δ@ ΒΓ ε:θείας 4πR τ>ν ΕΖ 4φαρµόσει καR BC on EF , point C will also coincide with F , on account
τ] Γ σηµε1ον 4πR τ] Ζ δι` τ] Jσην ε|ναι τ>ν ΒΓ τa ΕΖ· of BC being equal to EF . So (because of) BC coinciding
4φαρµοσάσης δ> τAς ΒΓ 4πR τ>ν ΕΖ 4φαρµόσουσι καR with EF , (the sides) BA and CA will also coincide with
α^ ΒΑ, ΓΑ 4πR τ`ς Ε∆, ∆Ζ. εk γ`ρ βάσις µ@ν X ΒΓ ED and DF (respectively). For if base BC coincides with
4πR βάσιν τ>ν ΕΖ 4φαρµόσει, α^ δ@ ΒΑ, ΑΓ πλευραR base EF , but the sides AB and AC do not coincide with
4πR τ`ς Ε∆, ∆Ζ ο:κ 4φαρµόσουσιν Cλλ` παραλλάξουσιν ED and DF (respectively), but miss like EG and GF (in
�ς α^ ΕΗ, ΗΖ, συσταθήσονται 4πR τAς α:τAς ε:θείας the above figure), then we will have constructed upon
δύο τα1ς α:τα1ς ε:θείαις {λλαι δύο ε:θε1αι Jσαι Nκατέρα the same straight-line, two other straight-lines equal, re-
Nκατέρ� πρ]ς {λλY καR {λλY σηµείY 4πR τ` α:τ` µέρη spectively, to two (given) straight-lines, and (meeting) at
τ` α:τ` πέρατα Sχουσαι. ο: συνίστανται δέ· ο:κ {ρα a different point on the same side (of the straight-line),
4φαρµοζοµένης τAς ΒΓ βάσεως 4πR τ>ν ΕΖ βάσιν ο:κ but having the same ends. But (such straight-lines) can-
4φαρµόσουσι καR α^ ΒΑ, ΑΓ πλευραR 4πR τ`ς Ε∆, ∆Ζ. not be constructed [Prop. 1.7]. Thus, the base BC being
4φαρµόσουσιν {ρα· �στε καR γωνία X fπ] ΒΑΓ 4πR applied to the base EF , the sides BA and AC cannot not
γωνίαν τ>ν fπ] Ε∆Ζ 4φαρµόσει καR Jση α:τa Sσται. coincide with ED and DF (respectively). Thus, they will

MΕ`ν {ρα δύο τρίγωνα τ`ς δύο πλευρ`ς [τα1ς] δύο coincide. So the angle BAC will also coincide with angle
πλευρα1ς Jσας Sχ� Nκατέραν Nκατέρ� καR τ>ν βάσιν τa EDF , and they will be equal [C.N. 4].
βάσει Jσην Sχ�, καR τ>ν γωνίαν τa γωνί� Jσην �ξει τ>ν Thus, if two triangles have two corresponding sides
fπ] τ[ν Jσων εfθει[ν περιεχοµένην· eπερ Sδει δε1ξαι. equal, and have equal bases, then the angles encom-

passed by the equal straight-lines will also be equal.
(Which is) the very thing it was required to show.
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θ΄. Proposition 9

Τ>ν δοθε1σαν γωνίαν ε:θύγραµµον δίχα τεµε1ν. To cut a given rectilinear angle in half.

Ε

Α

Β Γ

∆

Ζ F

D

B C

E

A

qΕστω X δοθε1σα γωνία ε:θύγραµµος X fπ] ΒΑΓ. Let BAC be the given rectilinear angle. So it is re-
δε1 δ> α:τ>ν δίχα τεµε1ν. quired to cut it in half.

Εkλήφθω 4πR τAς ΑΒ τυχ]ν σηµε1ον τ] ∆, καR Let the point D have been taken somewhere on AB,
Cφ�ρήσθω Cπ] τAς ΑΓ τa Α∆ Jση X ΑΕ, καR 4πεζεύχθω and let AE, equal to AD, have been cut off from AC
X ∆Ε, καR συνεστάτω 4πR τAς ∆Ε τρίγωνον kσόπλευρον [Prop. 1.3], and let DE have been joined. And let the
τ] ∆ΕΖ, καR 4πεζεύχθω X ΑΖ· λέγω, eτι X fπ] ΒΑΓ equilateral triangle DEF have been constructed upon
γωνία δίχα τέτµηται fπ] τAς ΑΖ εfθείας. DE [Prop. 1.1], and let AF have been joined. I say that

MΕπεR γ`ρ Jση 4στRν X Α∆ τa ΑΕ, κοιν> δ@ X ΑΖ, the angle BAC has been cut in half by the straight-line
δύο δ> α^ ∆Α, ΑΖ δυσR τα1ς ΕΑ, ΑΖ Jσαι εkσRν Nκατέρα AF .
Nκατέρ�. καR βάσις X ∆Ζ βάσει τa ΕΖ Jση 4στίν· γωνία For since AD is equal to AE, and AF is common,
{ρα X fπ] ∆ΑΖ γωνί� τa fπ] ΕΑΖ Jση 4στίν. the two (straight-lines) DA, AF are equal to the two

nΗ {ρα δοθε1σα γωνία ε:θύγραµµος X fπ] ΒΑΓ δίχα (straight-lines) EA, AF , respectively. And the base DF
τέτµηται fπ] τAς ΑΖ ε:θείας· eπερ Sδει ποιAσαι. is equal to the base EF . Thus, angle DAF is equal to

angle EAF [Prop. 1.8].
Thus, the given rectilinear angle BAC has been cut in

half by the straight-line AF . (Which is) the very thing it
was required to do.

ι΄. Proposition 10

Τ>ν δοθε1σαν ε:θε1αν πεπερασµένην δίχα τεµε1ν. To cut a given finite straight-line in half.
qΕστω X δοθε1σα ε:θε1α πεπερασµένη X ΑΒ· δε1 δ> Let AB be the given finite straight-line. So it is re-

τ>ν ΑΒ ε:θε1αν πεπερασµένην δίχα τεµε1ν. quired to cut the finite straight-line AB in half.
Συνεστάτω 4πM α:τAς τρίγωνον kσόπλευρον τ] ΑΒΓ, Let the equilateral triangle ABC have been con-

καR τετµήσθω X fπ] ΑΓΒ γωνία δίχα τa Γ∆ ε:θεί�· structed upon (AB) [Prop. 1.1], and let the angle ACB
λέγω, eτι X ΑΒ ε:θε1α δίχα τέτµηται κατ` τ] ∆ σηµε1ον. have been cut in half by the straight-line CD [Prop. 1.9].

MΕπεR γ`ρ Jση 4στRν X ΑΓ τa ΓΒ, κοιν> δ@ X Γ∆, I say that the straight-line AB has been cut in half at
δύο δ> α^ ΑΓ, Γ∆ δύο τα1ς ΒΓ, Γ∆ Jσαι εkσRν Nκατέρα point D.
Nκατέρ�· καR γωνία X fπ] ΑΓ∆ γωνί� τa fπ] ΒΓ∆ Jση For since AC is equal to CB, and CD (is) common,
4στίν· βάσις {ρα X Α∆ βάσει τa Β∆ Jση 4στίν. the two (straight-lines) AC, CD are equal to the two

(straight-lines) BC, CD, respectively. And the angle
ACD is equal to the angle BCD. Thus, the base AD
is equal to the base BD [Prop. 1.4].
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nΗ {ρα δοθε1σα ε:θε1α πεπερασµένη X ΑΒ δίχα Thus, the given finite straight-line AB has been cut
τέτµηται κατ` τ] ∆· eπερ Sδει ποιAσαι. in half at (point) D. (Which is) the very thing it was

required to do.

ια΄. Proposition 11

ΠΤa δοθείσ� ε:θεί� Cπ] τοj πρ]ς α:τ� δοθέντος To draw a straight-line at right-angles to a given
σηµείου πρ]ς bρθ`ς γωνίας ε:θε1αν γραµµ>ν Cγαγε1ν. straight-line from a given point on it.

Α Β
∆ Γ Ε

Ζ

D

A

F

C E

B

qΕστω X µ@ν δοθε1σα ε:θε1α X ΑΒ τ] δ@ δοθ@ν Let AB be the given straight-line, and C the given
σηµε1ον 4πM α:τAς τ] Γ· δε1 δ> Cπ] τοj Γ σηµείου τa point on it. So it is required to draw a straight-line from
ΑΒ ε:θεί� πρ]ς bρθ`ς γωνίας ε:θε1αν γραµµ>ν Cγαγε1ν. the point C at right-angles to the straight-line AB.

Εkλήφθω 4πR τAς ΑΓ τυχ]ν σηµε1ον τ] ∆, καR κείσθω Let the point D be have been taken somewhere on
τa Γ∆ Jση X ΓΕ, καR συνεστάτω 4πR τAς ∆Ε τρίγωνον AC, and let CE be made equal to CD [Prop. 1.3], and
kσόπλευρον τ] Ζ∆Ε, καR 4πεζεύχθω X ΖΓ· λέγω, eτι let the equilateral triangle FDE have been constructed
τa δοθείσ� ε:θεί� τa ΑΒ Cπ] τοj πρ]ς α:τa δοθέντος on DE [Prop. 1.1], and let FC have been joined. I say
σηµείου τοj Γ πρ]ς bρθ`ς γωνίας ε:θε1α γραµµ> �κται that the straight-line FC has been drawn at right-angles
X ΖΓ. to the given straight-line AB from the given point C on

MΕπεR γ`ρ Jση 4στRν X ∆Γ τa ΓΕ, κοιν> δ@ X ΓΖ, it.
δύο δ> α^ ∆Γ, ΓΖ δυσR τα1ς ΕΓ, ΓΖ Jσαι εkσRν Nκατέρα For since DC is equal to CE, and CF is common,
Nκατέρ�· καR βάσις X ∆Ζ βάσει τa ΖΕ Jση 4στίν· γωνία the two (straight-lines) DC, CF are equal to the two
{ρα X fπ] ∆ΓΖ γωνί� τa fπ] ΕΓΖ Jση 4στίν· καί (straight-lines), EC, CF , respectively. And the base DF
εkσιν 4φεξAς. eταν δ@ ε:θε1α 4πM ε:θε1αν σταθε1σα τ`ς is equal to the base FE. Thus, the angle DCF is equal
4φεξAς γωνίας Jσας Cλλήλαις ποιa, bρθ> Nκατέρα τ[ν to the angle ECF [Prop. 1.8], and they are adjacent.
Jσων γωνι[ν 4στιν· bρθ> {ρα 4στRν Nκατέρα τ[ν fπ] But when a straight-line stood on a(nother) straight-line
∆ΓΖ, ΖΓΕ. makes the adjacent angles equal to one another, each of

Τa {ρα δοθείσ� ε:θεί� τa ΑΒ Cπ] τοj πρ]ς α:τa the equal angles is a right-angle [Def. 1.10]. Thus, each
δοθέντος σηµείου τοj Γ πρ]ς bρθ`ς γωνίας ε:θε1α of the (angles) DCF and FCE is a right-angle.
γραµµ> �κται X ΓΖ· eπερ Sδει ποιAσαι. Thus, the straight-line CF has been drawn at right-
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angles to the given straight-line AB from the given point
C on it. (Which is) the very thing it was required to do.

ιβ΄. Proposition 12

MΕπR τ>ν δοθε1σαν ε:θε1αν {πειρον Cπ] τοj δοθέντος To draw a straight-line perpendicular to a given infi-
σηµείου, Q µή 4στιν 4πM α:τAς, κάθετον ε:θε1αν γραµµ>ν nite straight-line from a given point which is not on it.
Cγαγε1ν.

∆

Α Β

Γ

Η Ε

Ζ

Θ
D
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G H
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E
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C

qΕστω X µ@ν δοθε1σα ε:θε1α {πειρος X ΑΒ τ] δ@ Let AB be the given infinite straight-line and C the
δοθ@ν σηµε1ον, Q µή 4στιν 4πM α:τAς, τ] Γ· δε1 δ> 4πR given point, which is not on (AB). So it is required to
τ>ν δοθε1σαν ε:θε1αν {πειρον τ>ν ΑΒ Cπ] τοj δοθέντος draw a straight-line perpendicular to the given infinite
σηµείου τοj Γ, Q µή 4στιν 4πM α:τAς, κάθετον ε:θε1αν straight-line AB from the given point C, which is not on
γραµµ>ν Cγαγε1ν. (AB).

Εkλήφθω γ`ρ 4πR τ` �τερα µέρη τAς ΑΒ ε:θείας For let point D have been taken somewhere on the
τυχ]ν σηµε1ον τ] ∆, καR κέντρY µ@ν τy Γ διαστήµατι δ@ other side (to C) of the straight-line AB, and let the cir-
τy Γ∆ κύκλος γεγράφθω � ΕΖΗ, καR τετµήσθω X ΕΗ cle EFG have been drawn with center C and radius CD
ε:θε1α δίχα κατ` τ] Θ, καR 4πεζεύχθωσαν α^ ΓΗ, ΓΘ, [Post. 3], and let the straight-line EG have been cut in
ΓΕ εfθε1αι· λέγω, eτι 4πR τ>ν δοθε1σαν ε:θε1αν {πειρον half at (point) H [Prop. 1.10], and let the straight-lines
τ>ν ΑΒ Cπ] τοj δοθέντος σηµείου τοj Γ, Q µή 4στιν 4πM CG, CH , and CE have been joined. I say that a (straight-
α:τAς, κάθετος �κται X ΓΘ. line) CH has been drawn perpendicular to the given in-

MΕπεR γ`ρ Jση 4στRν X ΗΘ τa ΘΕ, κοιν> δ@ X ΘΓ, finite straight-line AB from the given point C, which is
δύο δ> α^ ΗΘ, ΘΓ δύο τα1ς ΕΘ, ΘΓ Jσαι ε^σRν Nκατέρα not on (AB).
Nκατέρ�· καR βάσις X ΓΗ βάσει τa ΓΕ 4στιν Jση· γωνία For since GH is equal to HE, and HC (is) common,
{ρα X fπ] ΓΘΗ γωνί� τa fπ] ΕΘΓ 4στιν Jση. καί the two (straight-lines) GH , HC are equal to the two
εkσιν 4φεξAς. eταν δ@ ε:θε1α 4πM ε:θε1αν σταθε1σα τ`ς straight-lines EH , HC, respectively, and the base CG is
4φεξAς γωνίας Jσας Cλλήλαις ποιa, bρθ> Nκατέρα τ[ν equal to the base CE. Thus, the angle CHG is equal
Jσων γωνι[ν 4στιν, καR X 4φεστηκυ1α ε:θε1α κάθετος to the angle EHC [Prop. 1.8], and they are adjacent.
καλε1ται 4φM cν 4φέστηκεν. But when a straight-line stood on a(nother) straight-line

MΕπR τ>ν δοθε1σαν {ρα ε:θε1αν {πειρον τ>ν ΑΒ Cπ] makes the adjacent angles equal to one another, each of
τοj δοθέντος σηµείου τοj Γ, Q µή 4στιν 4πM α:τAς, the equal angles is a right-angle, and the former straight-
κάθετος �κται X ΓΘ· eπερ Sδει ποιAσαι. line is called perpendicular to that upon which it stands

[Def. 1.10].
Thus, the (straight-line) CH has been drawn perpen-

dicular to the given infinite straight-line AB from the
given point C, which is not on (AB). (Which is) the very
thing it was required to do.
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ιγ΄. Proposition 13

MΕ`ν ε:θε1α 4πM ε:θε1αν σταθε1σα γωνίας ποιa, gτοι If a straight-line stood on a(nother) straight-line
δύο bρθ`ς p δυσRν bρθα1ς Jσας ποιήσει. makes angles, it will certainly either make two right-

angles, or (angles whose sum is) equal to two right-
angles.

Γ

Ε Α

∆ Β C

A
E

D B
Ε:θε1α γάρ τις X ΑΒ 4πM ε:θε1αν τ>ν Γ∆ σταθε1σα For let some straight-line AB stood on the straight-

γωνίας ποιείτω τ`ς fπ] ΓΒΑ, ΑΒ∆· λ@γω, eτι α^ fπ] line CD make the angles CBA and ABD. I say that
ΓΒΑ, ΑΒ∆ γωνίαι gτοι δύο bρθαί εkσιν p δυσRν bρθα1ς the angles CBA and ABD are certainly either two right-
Jσαι. angles, or (have a sum) equal to two right-angles.

Εk µ@ν οzν Jση 4στRν X fπ] ΓΒΑ τa fπ] ΑΒ∆, δύο In fact, if CBA is equal to ABD then they are two
bρθαί εkσιν. εk δ@ οu, gχθω Cπ] τοj Β σηµείου τa Γ∆ right-angles [Def. 1.10]. But, if not, let BE have been
[ε:θεί�] πρ]ς bρθ`ς X ΒΕ· α^ {ρα fπ] ΓΒΕ, ΕΒ∆ δύο drawn from the point B at right-angles to [the straight-
bρθαί εkσιν· καR 4πεR X fπ] ΓΒΕ δυσR τα1ς fπ] ΓΒΑ, line] CD [Prop. 1.11]. Thus, CBE and EBD are two
ΑΒΕ Jση 4στίν, κοιν> προσκείσθω X fπ] ΕΒ∆· α^ {ρα right-angles. And since CBE is equal to the two (an-
fπ] ΓΒΕ, ΕΒ∆ τρισR τα1ς fπ] ΓΒΑ, ΑΒΕ, ΕΒ∆ Jσαι gles) CBA and ABE, let EBD have been added to both.
εkσίν. πάλιν, 4πεR X fπ] ∆ΒΑ δυσR τα1ς fπ] ∆ΒΕ, ΕΒΑ Thus, the (sum of the angles) CBE and EBD is equal to
Jση 4στίν, κοιν> προσκείσθω X fπ] ΑΒΓ· α^ {ρα fπό the (sum of the) three (angles) CBA, ABE, and EBD
∆ΒΑ, ΑΒΓ τρισR τα1ς fπ] ∆ΒΕ, ΕΒΑ, ΑΒΓ Jσαι εkσίν. [C.N. 2]. Again, since DBA is equal to the two (an-
4δείχθησαν δ@ καR α^ fπ] ΓΒΕ, ΕΒ∆ τρισR τα1ς α:τα1ς gles) DBE and EBA, let ABC have been added to both.
Jσαι· τ` δ@ τy α:τy Jσα καR Cλλήλοις 4στRν Jσα· καR α^ fπ] Thus, the (sum of the angles) DBA and ABC is equal to
ΓΒΕ, ΕΒ∆ {ρα τα1ς fπ] ∆ΒΑ, ΑΒΓ Jσαι εkσίν· Cλλ` α^ the (sum of the) three (angles) DBE, EBA, and ABC
fπ] ΓΒΕ, ΕΒ∆ δύο bρθαί εkσιν· καR α^ fπ] ∆ΒΑ, ΑΒΓ [C.N. 2]. But (the sum of) CBE and EBD was also
{ρα δυσRν bρθα1ς Jσαι εkσίν. shown (to be) equal to the (sum of the) same three (an-

MΕ`ν {ρα ε:θε1α 4πM ε:θε1αν σταθε1σα γωνίας ποιa, gles). And things equal to the same thing are also equal
gτοι δύο bρθ`ς p δυσRν bρθα1ς Jσας ποιήσει· eπερ Sδει to one another [C.N. 1]. Therefore, (the sum of) CBE
δε1ξαι. and EBD is also equal to (the sum of) DBA and ABC.

But, (the sum of) CBE and EBD is two right-angles.
Thus, (the sum of) ABD and ABC is also equal to two
right-angles.

Thus, if a straight-line stood on a(nother) straight-
line makes angles, it will certainly either make two right-
angles, or (angles whose sum is) equal to two right-
angles. (Which is) the very thing it was required to show.

ιδ΄. Proposition 14

MΕ`ν πρός τινι ε:θεί� καR τy πρ]ς α:τa σηµείY δύο If two straight-lines, not lying on the same side, make
ε:θε1αι µ> 4πR τ` α:τ` µέρη κείµεναι τ`ς 4φεξAς γωνίας adjacent angles (whose sum is) equal to two right-angles
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δυσRν bρθα1ς Jσας ποι[σιν, 4πM ε:θείας Sσονται Cλλήλαις at the same point on some straight-line, then the two
α^ ε:θε1αι. straight-lines will be straight-on (with respect) to one an-

other.

Β

Α

Γ ∆

Ε

BC D

EA

Πρ]ς γάρ τινι ε:θεί� τa ΑΒ καR τy πρ]ς α:τa For let two straight-lines BC and BD, not lying on the
σηµείY τy Β δύο ε:θε1αι α^ ΒΓ, Β∆ µ> 4πR τ` α:τ` same side, make adjacent angles ABC and ABD (whose
µέρη κείµεναι τ`ς 4φεξAς γωνίας τ`ς fπ] ΑΒΓ, ΑΒ∆ sum is) equal to two right-angles at the same point B on
δύο bρθα1ς Jσας ποιείτωσαν· λέγω, eτι 4πM ε:θείας 4στR some straight-line AB. I say that BD is straight-on with
τa ΓΒ X Β∆. respect to CB.

Εk γ`ρ µή 4στι τa ΒΓ 4πM ε:θείας X Β∆, Sστω τa ΓΒ For if BD is not straight-on to BC then let BE be
4πM ε:θείας X ΒΕ. straight-on to CB.

MΕπεR οzν ε:θε1α X ΑΒ 4πM ε:θε1αν τ>ν ΓΒΕ Therefore, since the straight-line AB stands on the
4φέστηκεν, α^ {ρα fπ] ΑΒΓ, ΑΒΕ γωνίαι δύο bρθα1ς straight-line CBE, the (sum of the) angles ABC and
Jσαι εkσίν· εkσR δ@ καR α^ fπ] ΑΒΓ, ΑΒ∆ δύο bρθα1ς Jσαι· ABE is thus equal to two right-angles [Prop. 1.13]. But
α^ {ρα fπ] ΓΒΑ, ΑΒΕ τα1ς fπ] ΓΒΑ, ΑΒ∆ Jσαι εkσίν. (the sum of) ABC and ABD is also equal to two right-
κοιν> Cφ�ρήσθω X fπ] ΓΒΑ· λοιπ> {ρα X fπ] ΑΒΕ angles. Thus, (the sum of angles) CBA and ABE is equal
λοιπa τa fπ] ΑΒ∆ 4στιν Jση, X 4λάσσων τa µείζονι· to (the sum of angles) CBA and ABD [C.N. 1]. Let (an-
eπερ 4στRν Cδύνατον. ο:κ {ρα 4πM ε:θείας 4στRν X ΒΕ gle) CBA have been subtracted from both. Thus, the re-
τa ΓΒ. �µοίως δ> δείξοµεν, eτι ο:δ@ {λλη τις πλ>ν τAς mainder ABE is equal to the remainder ABD [C.N. 3],
Β∆· 4πM ε:θείας {ρα 4στRν X ΓΒ τa Β∆. the lesser to the greater. The very thing is impossible.

MΕ`ν {ρα πρός τινι ε:θεί� καR τy πρ]ς α:τa σηµείY Thus, BE is not straight-on with respect to CB. Simi-
δύο ε:θε1αι µ> 4πR α:τ` µέρη κείµεναι τ`ς 4φεξAς γωνίας larly, we can show that neither (is) any other (straight-
δυσRν bρθα1ς Jσας ποι[σιν, 4πM ε:θείας Sσονται Cλλήλαις line) than BD. Thus, CB is straight-on with respect to
α^ ε:θε1αι· eπερ Sδει δε1ξαι. BD.

Thus, if two straight-lines, not lying on the same side,
make adjacent angles (whose sum is) equal to two right-
angles at the same point on some straight-line, then the
two straight-lines will be straight-on (with respect) to
one another. (Which is) the very thing it was required
to show.

ιε΄. Proposition 15

MΕ`ν δύο ε:θε1αι τέµνωσιν Cλλήλας, τ`ς κατ` κο- If two straight-lines cut one another then they make
ρυφ>ν γωνίας Jσας Cλλήλαις ποιοjσιν. the vertically opposite angles equal to one another.

∆ύο γ`ρ ε:θε1αι α^ ΑΒ, Γ∆ τεµνέτωσαν Cλλήλας For let the two straight-lines AB and CD cut one an-
κατ` τ] Ε σηµε1ον· λέγω, eτι Jση 4στRν X µ@ν fπ] ΑΕΓ other at the point E. I say that angle AEC is equal to
γωνία τa fπ] ∆ΕΒ, X δ@ fπ] ΓΕΒ τa fπ] ΑΕ∆. (angle) DEB, and (angle) CEB to (angle) AED.

MΕπεR γ`ρ ε:θε1α X ΑΕ 4πM ε:θε1αν τ>ν Γ∆ 4φέστηκε For since the straight-line AE stands on the straight-
γωνίας ποιοjσα τ`ς fπ] ΓΕΑ, ΑΕ∆, α^ {ρα fπ] ΓΕΑ, line CD, making the angles CEA and AED, the (sum
ΑΕ∆ γωνίαι δυσRν bρθα1ς Jσαι εkσίν. πάλιν, 4πεR ε:θε1α of the) angles CEA and AED is thus equal to two right-
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X ∆Ε 4πM ε:θε1αν τ>ν ΑΒ 4φέστηκε γωνίας ποιοjσα τ`ς angles [Prop. 1.13]. Again, since the straight-line DE
fπ] ΑΕ∆, ∆ΕΒ, α^ {ρα fπ] ΑΕ∆, ∆ΕΒ γωνίαι δυσRν stands on the straight-line AB, making the angles AED
bρθα1ς Jσαι εkσίν. 4δείχθησαν δ@ καR α^ fπ] ΓΕΑ, ΑΕ∆ and DEB, the (sum of the) angles AED and DEB is
δυσRν bρθα1ς Jσαι· \ι {ρα fπ] ΓΕΑ, ΑΕ∆ τα1ς fπ] thus equal to two right-angles [Prop. 1.13]. But (the sum
ΑΕ∆, ∆ΕΒ Jσαι εkσίν. κοιν> Cφ�ρήσθω X fπ] ΑΕ∆· of) CEA and AED was also shown (to be) equal to two
λοιπ> {ρα X fπ] ΓΕΑ λοιπa τa fπ] ΒΕ∆ Jση 4στίν· right-angles. Thus, (the sum of) CEA and AED is equal
�µοίως δ> δειχθήσεται, eτι καR α^ fπ] ΓΕΒ, ∆ΕΑ Jσαι to (the sum of) AED and DEB [C.N. 1]. Let AED have
εkσίν. been subtracted from both. Thus, the remainder CEA is

equal to the remainder BED [C.N. 3]. Similarly, it can
be shown that CEB and DEA are also equal.

Ε
∆
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Γ D
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MΕ`ν {ρα δύο ε:θε1αι τέµνωσιν Cλλήλας, τ`ς κατ` Thus, if two straight-lines cut one another then they
κορυφ>ν γωνίας Jσας Cλλήλαις ποιοjσιν· eπερ Sδει make the vertically opposite angles equal to one another.
δε1ξαι. (Which is) the very thing it was required to show.

ιU΄. Proposition 16

Παντ]ς τριγώνου µιiς τ[ν πλευρ[ν προσεκβληθείσης For any triangle, when one of the sides is produced,
X 4κτ]ς γωνία Nκατέρας τ[ν 4ντ]ς καR Cπεναντίον γωνι[ν the external angle is greater than each of the internal and
µείζων 4στίν. opposite angles.

qΕστω τρίγωνον τ] ΑΒΓ, καR προσεκβεβλήσθω Let ABC be a triangle, and let one of its sides BC
α:τοj µία πλευρ` X ΒΓ 4πR τ] ∆· λ@γω, eτι X 4κτ]ς have been produced to D. I say that the external angle
γωνία X fπ] ΑΓ∆ µείζων 4στRν Nκατέρας τ[ν 4ντ]ς καR ACD is greater than each of the internal and opposite
Cπεναντίον τ[ν fπ] ΓΒΑ, ΒΑΓ γωνι[ν. angles, CBA and BAC.

Τετµήσθω X ΑΓ δίχα κατ` τ] Ε, καR 4πιζευχθε1σα Let the (straight-line) AC have been cut in half at
X ΒΕ 4κβεβλήσθω 4πM ε:θείας 4πR τ] Ζ, καR κείσθω τa (point) E [Prop. 1.10]. And BE being joined, let it have

ΒΕ Jση X ΕΖ, καR 4πεζεύχθω X ΖΓ, καR διήχθω X ΑΓ been produced in a straight-line to (point) F .† And let
4πR τ] Η. EF be made equal to BE [Prop. 1.3], and let FC have

MΕπεR οzν Jση 4στRν X µ@ν ΑΕ τa ΕΓ, X δ@ ΒΕ τa ΕΖ, been joined, and let AC have been drawn through to
δύο δ> α^ ΑΕ, ΕΒ δυσR τα1ς ΓΕ, ΕΖ Jσαι εkσRν Nκατέρα (point) G.
Nκατέρ�· καR γωνία X fπ] ΑΕΒ γωνί� τa fπ] ΖΕΓ Jση Therefore, since AE is equal to EC, and BE to EF ,
4στίν· κατ` κορυφ>ν γάρ· βάσις {ρα X ΑΒ βάσει τa ΖΓ the two (straight-lines) AE, EB are equal to the two
Jση 4στίν, καR τ] ΑΒΕ τρίγωνον τy ΖΕΓ τριγώνY 4στRν (straight-lines) CE, EF , respectively. Also, angle AEB
Jσον, καR α^ λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι εkσRν is equal to angle FEC, for (they are) vertically opposite
Nκατέρα Nκατέρ�, fφM }ς α^ Jσας πλευραR fποτείνουσιν· [Prop. 1.15]. Thus, the base AB is equal to the base FC,
Jση {ρα 4στRν X fπ] ΒΑΕ τa fπ] ΕΓΖ. µείζων δέ 4στιν X and the triangle ABE is equal to the triangle FEC, and
fπ] ΕΓ∆ τAς fπ] ΕΓΖ· µείζων {ρα X fπ] ΑΓ∆ τAς fπ] the remaining angles subtended by the equal sides are
ΒΑΕ. nΟµοίως δ> τAς ΒΓ τετµηµένης δίχα δειχθήσεται equal to the corresponding remaining angles [Prop. 1.4].
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καR X fπ] ΒΓΗ, τουτέστιν X fπ] ΑΓ∆, µείζων καR τAς Thus, BAE is equal to ECF . But ECD is greater than
fπ] ΑΒΓ. ECF . Thus, ACD is greater than BAE. Similarly, by

having cut BC in half, it can be shown (that) BCG—that
is to say, ACD—(is) also greater than ABC.
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Β ∆
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Παντ]ς {ρα τριγώνου µιiς τ[ν πλευρ[ν προσεκ- Thus, for any triangle, when one of the sides is pro-
βληθείσης X 4κτ]ς γωνία Nκατέρας τ[ν 4ντ]ς καR Cπε- duced, the external angle is greater than each of the in-
ναντίον γωνι[ν µείζων 4στίν· eπερ Sδει δε1ξαι. ternal and opposite angles. (Which is) the very thing it

was required to show.

† The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate.

ιζ΄. Proposition 17

Παντ]ς τριγώνου α^ δύο γωνίαι δύο bρθ[ν 4λάσσονές For any triangle, (the sum of any) two angles is less
εkσι πάντa µεταλαµβανόµεναι. than two right-angles, (the angles) being taken up in any

(possible way).

Γ ∆
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Β B

A

C D
qΕστω τρίγωνον τ] ΑΒΓ· λέγω, eτι τοj ΑΒΓ Let ABC be a triangle. I say that (the sum of any)

τριγώνου α^ δύο γωνίαι δύο bρθ[ν 4λάττονές εkσι πάντ� two angles of triangle ABC is less than two right-angles,
µεταλαµβανόµεναι. (the angles) being taken up in any (possible way).

MΕκβεβλήσθω γ`ρ X ΒΓ 4πR τ] ∆. For let BC have been produced to D.
ΚαR 4πεR τριγώνου τοj ΑΒΓ 4κτός 4στι γωνία X fπ] And since the angle ACD is external to triangle ABC,

ΑΓ∆, µείζων 4στR τAς 4ντ]ς καR Cπεναντίον τAς fπ] ΑΒΓ. it is greater than the internal and opposite angle ABC
κοιν> προσκείσθω X fπ] ΑΓΒ· α^ {ρα fπ] ΑΓ∆, ΑΓΒ [Prop. 1.16]. Let ACB have been added to both. Thus,
τ[ν fπ] ΑΒΓ, ΒΓΑ µείζονές εkσιν. CλλM α^ fπ] ΑΓ∆, the (sum of the angles) ACD and ACB is greater than
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ΑΓΒ δύο bρθα1ς Jσαι εkσίν· α^ {ρα fπ] ΑΒΓ, ΒΓΑ δύο the (sum of the angles) ABC and BCA. But, (the sum of)
bρθ[ν 4λάσσονές εkσιν. �µοίως δ> δείξοµεν, eτι καR α^ ACD and ACB is equal to two right-angles [Prop. 1.13].
fπ] ΒΑΓ, ΑΓΒ δύο bρθ[ν 4λάσσονές εkσι καR Sτι α^ fπ] Thus, (the sum of) ABC and BCA is less than two right-
ΓΑΒ, ΑΒΓ. angles. Similarly, we can show that (the sum of) BAC

Παντ]ς {ρα τριγώνου α^ δύο γωνίαι δύο bρθ[ν and ACB is also less than two right-angles, and again
4λάσσονές εkσι πάντa µεταλαµβανόµεναι· eπερ Sδει (that the sum of) CAB and ABC (is less than two right-
δε1ξαι. angles).

Thus, for any triangle, (the sum of any) two angles
is less than two right-angles, (the angles) being taken up
in any (possible way). (Which is) the very thing it was
required to show.

ιη΄. Proposition 18

Παντ]ς τριγώνου X µείζων πλευρ` τ>ν µείζονα For any triangle, the greater side subtends the greater
γωνίαν fποτείνει. angle.
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qΕστω γ`ρ τρίγωνον τ] ΑΒΓ µείζονα Sχον τ>ν ΑΓ For let ABC be a triangle having side AC greater than
πλευρ`ν τAς ΑΒ· λέγω, eτι καR γωνία X fπ] ΑΒΓ µείζων AB. I say that angle ABC is also greater than BCA.
4στR τAς fπ] ΒΓΑ· For since AC is greater than AB, let AD be made

MΕπεR γ`ρ µείζων 4στRν X ΑΓ τAς ΑΒ, κείσθω τa ΑΒ equal to AB [Prop. 1.3], and let BD have been joined.
Jση X Α∆, καR 4πεζεύχθω X Β∆. And since angle ADB is external to triangle BCD, it

ΚαR 4πεR τριγώνου τοj ΒΓ∆ 4κτός 4στι γωνία X fπ] is greater than the internal and opposite (angle) DCB
Α∆Β, µείζων 4στR τAς 4ντ]ς καR Cπεναντίον τAς fπ] ∆ΓΒ· [Prop. 1.16]. But ADB (is) equal to ABD, since side
Jση δ@ X fπ] Α∆Β τa fπ] ΑΒ∆, 4πεR καR πλευρ` X ΑΒ AB is also equal to side AD [Prop. 1.5]. Thus, ABD is
τa Α∆ 4στιν Jση· µείζων {ρα καR X fπ] ΑΒ∆ τAς fπ] also greater than ACB. Thus, ABC is much greater than
ΑΓΒ· πολλy {ρα X fπ] ΑΒΓ µείζων 4στR τAς fπ] ΑΓΒ. ACB.

Παντ]ς {ρα τριγώνου X µείζων πλευρ` τ>ν µείζονα Thus, for any triangle, the greater side subtends the
γωνίαν fποτείνει· eπερ Sδει δε1ξαι. greater angle. (Which is) the very thing it was required

to show.

ιθ΄. Proposition 19

Παντ]ς τριγώνου fπ] τ>ν µείζονα γωνίαν X µείζων For any triangle, the greater angle is subtended by the
πλευρ` fποτείνει. greater side.

qΕστω τρίγωνον τ] ΑΒΓ µείζονα Sχον τ>ν fπ] ΑΒΓ Let ABC be a triangle having the angle ABC greater
γωνίαν τAς fπ] ΒΓΑ· λέγω, eτι καR πλευρ` X ΑΓ than BCA. I say that side AC is also greater than side
πλευρiς τAς ΑΒ µείζων 4στίν. AB.

Εk γ`ρ µή, gτοι Jση 4στRν X ΑΓ τa ΑΒ p 4λάσσων· For if not, AC is certainly either equal to, or less than,
Jση µ@ν οzν ο:κ Sστιν X ΑΓ τa ΑΒ· Jση γ`ρ �ν �ν καR AB. In fact, AC is not equal to AB. For then angle ABC
γωνία X fπ] ΑΒΓ τa fπ] ΑΓΒ· ο:κ Sστι δέ· ο:κ {ρα would also have been equal to ACB [Prop. 1.5]. But it is
Jση 4στRν X ΑΓ τa ΑΒ. ο:δ@ µ>ν 4λάσσων 4στRν X ΑΓ not. Thus, AC is not equal to AB. Neither, indeed, is AC
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τAς ΑΒ· 4λάσσων γ`ρ �ν �ν καR γωνία X fπ] ΑΒΓ τAς less than AB. For then angle ABC would also have been
fπ] ΑΓΒ· ο:κ Sστι δέ· ο:κ {ρα 4λάσσων 4στRν X ΑΓ τAς less than ACB [Prop. 1.18]. But it is not. Thus, AC is
ΑΒ. 4δείχθη δέ, eτι ο:δ@ Jση 4στίν. µείζων {ρα 4στRν X not less than AB. But it was shown that (AC) is also not
ΑΓ τAς ΑΒ. equal (to AB). Thus, AC is greater than AB.
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Γ C

B

A

Παντ]ς {ρα τριγώνου fπ] τ>ν µείζονα γωνίαν X Thus, for any triangle, the greater angle is subtended
µείζων πλευρ` fποτείνει· eπερ Sδει δε1ξαι. by the greater side. (Which is) the very thing it was re-

quired to show.

κ΄. Proposition 20

Παντ]ς τριγώνου α^ δύο πλευραR τAς λοιπAς µείζονές For any triangle, (the sum of any) two sides is greater
εkσι πάντ� µεταλαµβανόµεναι. than the remaining (side), (the sides) being taken up in

any (possible way).
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qΕστω γ`ρ τρίγωνον τ] ΑΒΓ· λέγω, eτι τοj ΑΒΓ For let ABC be a triangle. I say that for triangle ABC
τριγώνου α^ δύο πλευραR τAς λοιπAς µείζονές εkσι παντ� (the sum of any) two sides is greater than the remaining
µεταλαµβανόµεναι, α^ µ@ν ΒΑ, ΑΓ τAς ΒΓ, α^ δ@ ΑΒ, (side), (the sides) being taken up in any (possible way).
ΒΓ τAς ΑΓ, α^ δ@ ΒΓ, ΓΑ τAς ΑΒ. (So), (the sum of) BA and AC (is greater) than BC, (the

∆ιήχθω γ`ρ X ΒΑ 4πR τ] ∆ σηµε1ον, καR κείσθω τa sum of) AB and BC than AC, and (the sum of) BC and
ΓΑ Jση X Α∆, καR 4πεζεύχθω X ∆Γ. CA than AB.

MΕπεR οzν Jση 4στRν X ∆Α τa ΑΓ, Jση 4στR καR γωνία For let BA have been drawn through to point D, and
X fπ] Α∆Γ τa fπ] ΑΓ∆· µείζων {ρα X fπ] ΒΓ∆ τAς let AD be made equal to CA [Prop. 1.3], and let DC
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fπ] Α∆Γ· καR 4πεR τρίγωνόν 4στι τ] ∆ΓΒ µείζονα Sχον have been joined.
τ>ν fπ] ΒΓ∆ γωνίαν τAς fπ] Β∆Γ, fπ] δ@ τ>ν µείζονα Therefore, since DA is equal to AC, the angle ADC
γωνίαν X µείζων πλευρ` fποτείνει, X ∆Β {ρα τAς ΒΓ is also equal to ACD [Prop. 1.5]. Thus, BCD is greater
4στι µείζων. Jση δ@ X ∆Α τa ΑΓ· µείζονες {ρα α^ ΒΑ, than ADC. And since triangle DCB has the angle BCD
ΑΓ τAς ΒΓ· �µοίως δ> δείξοµεν, eτι καR α^ µ@ν ΑΒ, ΒΓ greater than BDC, and the greater angle subtends the
τAς ΓΑ µείζονές εkσιν, α^ δ@ ΒΓ, ΓΑ τAς ΑΒ. greater side [Prop. 1.19], DB is thus greater than BC.

Παντ]ς {ρα τριγώνου α^ δύο πλευραR τAς λοιπAς But DA is equal to AC. Thus, (the sum of) BA and AC
µείζονές εkσι πάντ� µεταλαµβανόµεναι· eπερ Sδει δε1ξαι. is greater than BC. Similarly, we can show that (the sum

of) AB and BC is also greater than CA, and (the sum of)
BC and CA than AB.

Thus, for any triangle, (the sum of any) two sides is
greater than the remaining (side), (the sides) being taken
up in any (possible way). (Which is) the very thing it was
required to show.

κα΄. Proposition 21

MΕ`ν τριγώνου 4πR µιiς τ[ν πλευρ[ν Cπ] τ[ν If two internal straight-lines are constructed on one
περάτων δύο ε:θε1αι 4ντ]ς συσταθ[σιν, α^ συσταθε1σαι of the sides of a triangle, from its ends, the constructed
τ[ν λοιπ[ν τοj τριγώνου δύο πλευρ[ν 4λάττονες µ@ν (straight-lines) will be less than the two remaining sides
Sσονται, µείζονα δ@ γωνίαν περιέξουσιν. of the triangle, but will encompass a greater angle.
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Τριγώνου γ`ρ τοj ΑΒΓ 4πR µιiς τ[ν πλευρ[ν τAς For let the two internal straight-lines BD and DC
ΒΓ Cπ] τ[ν περάτων τ[ν Β, Γ δύο ε:θε1αι 4ντ]ς συ- have been constructed on one of the sides BC of the tri-
νεστάτωσαν α^ Β∆, ∆Γ· λέγω, eτι α^ Β∆, ∆Γ τ[ν λοιπ[ν angle ABC, from its ends B and C (respectively). I say
τοj τριγώνου δύο πλευρ[ν τ[ν ΒΑ, ΑΓ 4λάσσονες µέν that BD and DC are less than the (sum of the) two re-
εkσιν, µείζονα δ@ γωνίαν περιέχουσι τ>ν fπ] Β∆Γ τAς maining sides of the triangle BA and AC, but encompass
fπ] ΒΑΓ. an angle BDC greater than BAC.

∆ιήχθω γ`ρ X Β∆ 4πR τ] Ε. καR 4πεR παντ]ς τριγώνου For let BD have been drawn through to E. And since
α^ δύο πλευραR τAς λοιπAς µείζονές εkσιν, τοj ΑΒΕ {ρα for every triangle (the sum of any) two sides is greater
τριγώνου α^ δύο πλευραR α^ ΑΒ, ΑΕ τAς ΒΕ µείζονές than the remaining (side) [Prop. 1.20], for triangle ABE
εkσιν· κοιν> προσκείσθω X ΕΓ· α^ {ρα ΒΑ, ΑΓ τ[ν ΒΕ, the (sum of the) two sides AB and AE is thus greater
ΕΓ µείζονές εkσιν. πάλιν, 4πεR τοj ΓΕ∆ τριγώνου α^ than BE. Let EC have been added to both. Thus, (the
δύο πλευραR α^ ΓΕ, Ε∆ τAς Γ∆ µείζονές εkσιν, κοιν> sum of) BA and AC is greater than (the sum of) BE and
προσκείσθω X ∆Β· α^ ΓΕ, ΕΒ {ρα τ[ν Γ∆, ∆Β µείζονές EC. Again, since in triangle CED the (sum of the) two
εkσιν. Cλλ` τ[ν ΒΕ, ΕΓ µείζονες 4δείχθησαν α^ ΒΑ, ΑΓ· sides CE and ED is greater than CD, let DB have been
πολλy {ρα α^ ΒΑ, ΑΓ τ[ν Β∆, ∆Γ µείζονές εkσιν. added to both. Thus, (the sum of) CE and EB is greater

Πάλιν, 4πεR παντ]ς τριγώνου X 4κτ]ς γωνία τAς 4ντ]ς than (the sum of) CD and DB. But, (the sum of) BA
καR Cπεναντίον µείζων 4στίν, τοj Γ∆Ε {ρα τριγώνου X and AC was shown (to be) greater than (the sum of) BE
4κτ]ς γωνία X fπ] Β∆Γ µείζων 4στR τAς fπ] ΓΕ∆. δι` and EC. Thus, (the sum of) BA and AC is much greater
τα:τ` τοίνυν καR τοj ΑΒΕ τριγώνου X 4κτ]ς γωνία X than (the sum of) BD and DC.
fπ] ΓΕΒ µείζων 4στR τAς fπ] ΒΑΓ. Cλλ` τAς fπ] ΓΕΒ Again, since for every triangle the external angle is
µείζων 4δείχθη X fπ] Β∆Γ· πολλy {ρα X fπ] Β∆Γ greater than the internal and opposite (angles) [Prop.
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µείζων 4στR τAς fπ] ΒΑΓ. 1.16], for triangle CDE the external angle BDC is thus
MΕ`ν {ρα τριγώνου 4πR µιiς τ[ν πλευρ[ν Cπ] τ[ν greater than CED. Accordingly, for the same (reason),

περάτων δύο ε:θε1αι 4ντ]ς συσταθ[σιν, α^ συσταθε1σαι the external angle CEB of the triangle ABE is also
τ[ν λοιπ[ν τοj τριγώνου δύο πλευρ[ν 4λάττονες µέν greater than BAC. But, BDC was shown (to be) greater
εkσιν, µείζονα δ@ γωνίαν περιέχουσιν· eπερ Sδει δε1ξαι. than CEB. Thus, BDC is much greater than BAC.

Thus, if two internal straight-lines are constructed on
one of the sides of a triangle, from its ends, the con-
structed (straight-lines) are less than the two remain-
ing sides of the triangle, but encompass a greater angle.
(Which is) the very thing it was required to show.

κβ΄. Proposition 22

MΕκ τρι[ν ε:θει[ν, αx εkσιν Jσαι τρισR τα1ς δοθείσαις To construct a triangle from three straight-lines which
[ε:θείαις], τρίγωνον συστήσασθαι· δε1 δ@ τ`ς δύο τAς are equal to three given [straight-lines]. It is necessary
λοιπAς µείζονας ε|ναι πάντ� µεταλαµβανοµένας [δι` for (the sum of) two (of the straight-lines) to be greater
τ] καR παντ]ς τριγώνου τ`ς δύο πλευρ`ς τAς λοιπAς than the remaining (one), (the straight-lines) being taken
µείζονας ε|ναι πάντ� µεταλαµβανοµένας]. up in any (possible way) [on account of the (fact that) for

every triangle (the sum of any) two sides is greater than
the remaining (one), (the sides) being taken up in any
(possible way) [Prop. 1.20] ].
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qΕστωσαν α^ δοθε1σαι τρε1ς ε:θε1αι α^ Α, Β, Γ, �ν Let A, B, and C be the three given straight-lines, of
α^ δύο τAς λοιπAς µείζονες Sστωσαν πάντ� µεταλαµ- which let (the sum of any) two be greater than the re-
βανόµεναι, α^ µ@ν Α, Β τAς Γ, α^ δ@ Α, Γ τAς Β, καR Sτι maining (one), (the straight-lines) being taken up in (any
α^ Β, Γ τAς Α· δε1 δ> 4κ τ[ν Jσων τα1ς Α, Β, Γ τρίγωνον possible way). (Thus), (the sum of) A and B (is greater)
συστήσασθαι. than C, (the sum of) A and C than B, and also (the sum

MΕκκείσθω τις ε:θε1α X ∆Ε πεπερασµένη µ@ν κατ` of) B and C than A. So it is required to construct a trian-
τ] ∆ {πειρος δ@ κατ` τ] Ε, καR κείσθω τa µ@ν Α Jση X gle from (straight-lines) equal to A, B, and C.
∆Ζ, τa δ@ Β Jση X ΖΗ, τa δ@ Γ Jση X ΗΘ· καR κέντρY Let some straight-line DE be set out, terminated at
µ@ν τy Ζ, διαστήµατι δ@ τy Ζ∆ κύκλος γεγράφθω � D, and infinite in the direction of E. And let DF made
∆ΚΛ· πάλιν κέντρY µ@ν τy Η, διαστήµατι δ@ τy ΗΘ equal to A [Prop. 1.3], and FG equal to B [Prop. 1.3],
κύκλος γεγράφθω � ΚΛΘ, καR 4πεζεύχθωσαν α^ ΚΖ, and GH equal to C [Prop. 1.3]. And let the circle DKL
ΚΗ· λέγω, eτι 4κ τρι[ν ε:θει[ν τ[ν Jσων τα1ς Α, Β, Γ have been drawn with center F and radius FD. Again,
τρίγωνον συνέσταται τ] ΚΖΗ. let the circle KLH have been drawn with center G and

MΕπεR γ`ρ τ] Ζ σηµε1ον κέντρον 4στR τοj ∆ΚΛ radius GH . And let KF and KG have been joined. I say
κύκλου, Jση 4στRν X Ζ∆ τa ΖΚ· Cλλ` X Ζ∆ τa Α 4στιν that the triangle KFG has been constructed from three
Jση. καR X ΚΖ {ρα τa Α 4στιν Jση. πάλιν, 4πεR τ] Η straight-lines equal to A, B, and C.
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σηµε1ον κέντρον 4στR τοj ΛΚΘ κύκλου, Jση 4στRν X ΗΘ For since point F is the center of the circle DKL, FD
τa ΗΚ· Cλλ` X ΗΘ τa Γ 4στιν Jση· καR X ΚΗ {ρα τa is equal to FK. But, FD is equal to A. Thus, KF is also
Γ 4στιν Jση. 4στR δ@ καR X ΖΗ τa Β Jση· α^ τρε1ς {ρα equal to A. Again, since point G is the center of the circle
ε:θε1αι α^ ΚΖ, ΖΗ, ΗΚ τρισR τα1ς Α, Β, Γ Jσαι εkσίν. LKH , GH is equal to GK. But, GH is equal to C. Thus,

MΕκ τρι[ν {ρα ε:θει[ν τ[ν ΚΖ, ΖΗ, ΗΚ, αx εkσιν KG is also equal to C. And FG is equal to B. Thus, the
Jσαι τρισR τα1ς δοθείσαις ε:θείαις τα1ς Α, Β, Γ, τρίγωνον three straight-lines KF , FG, and GK are equal to A, B,
συνέσταται τ] ΚΖΗ· eπερ Sδει ποιAσαι. and C (respectively).

Thus, the triangle KFG has been constructed from
the three straight-lines KF , FG, and GK, which are
equal to the three given straight-lines A, B, and C (re-
spectively). (Which is) the very thing it was required to
do.

κγ΄. Proposition 23

Πρ]ς τa δοθείσ� ε:θεί� καR τy πρ]ς α:τ� σηµείY τa To construct a rectilinear angle equal to a given recti-
δοθείσ� γωνί� ε:θυγράµµY Jσην γωνίαν ε:θύγραµµον linear angle at a (given) point on a given straight-line.
συστήσασθαι.
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qΕστω X µ@ν δοθε1σα ε:θε1α X ΑΒ, τ] δ@ πρ]ς α:τa Let AB be the given straight-line, A the (given) point
σηµε1ον τ] Α, X δ@ δοθε1σα γωνία ε:θύγραµµος X fπ] on it, and DCE the given rectilinear angle. So it is re-
∆ΓΕ· δε1 δ> πρ]ς τa δοθε1σ� ε:θεί� τa ΑΒ καR τy quired to construct a rectilinear angle equal to the given
πρ]ς α:τa σηµείY τy Α τa δοθείσ� γωνί� ε:θυγράµµY rectilinear angle DCE at the (given) point A on the given
τa fπ] ∆ΓΕ Jσην γωνίαν ε:θύγραµµον συστήσασθαι. straight-line AB.

Εkλήφθω 4φM Nκατέρας τ[ν Γ∆, ΓΕ τυχόντα σηµε1α Let the points D and E have been taken somewhere
τ` ∆, Ε, καR 4πεζεύχθω X ∆Ε· καR 4κ τρι[ν ε:θει[ν, αx on each of the (straight-lines) CD and CE (respectively),
εkσιν Jσαι τρισR τα1ς Γ∆, ∆Ε, ΓΕ, τρίγωνον συνεστάτω and let DE have been joined. And let the triangle AFG
τ] ΑΖΗ, �στε Jσην ε|ναι τ>ν µ@ν Γ∆ τa ΑΖ, τ>ν δ@ ΓΕ have been constructed from three straight-lines which are
τa ΑΗ, καR Sτι τ>ν ∆Ε τa ΖΗ. equal to CD, DE, and CE, such that CD is equal to AF ,

MΕπεR οzν δύο α^ ∆Γ, ΓΕ δύο τα1ς ΖΑ, ΑΗ Jσαι εkσRν CE to AG, and also DE to FG [Prop. 1.22].
Nκατέρα Nκατέρ�, καR βάσις X ∆Ε βάσει τa ΖΗ Jση, Therefore, since the two (straight-lines) DC, CE are
γωνία {ρα X fπ] ∆ΓΕ γωνί� τa fπ] ΖΑΗ 4στιν Jση. equal to the two straight-lines FA, AG, respectively, and

Πρ]ς {ρα τa δοθείσ� ε:θεί� τa ΑΒ καR τy πρ]ς the base DE is equal to the base FG, the angle DCE is
α:τa σηµείY τy Α τa δοθείσ� γωνί� ε:θυγράµµY τa thus equal to the angle FAG [Prop. 1.8].
fπ] ∆ΓΕ Jση γωνία ε:θύγραµµος συνέσταται X fπ] Thus, the rectilinear angle FAG, equal to the given
ΖΑΗ· eπερ Sδει ποιAσαι. rectilinear angle DCE, has been constructed at the

(given) point A on the given straight-line AB. (Which
is) the very thing it was required to do.
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κδ΄. Proposition 24

MΕ`ν δύο τρίγωνα τ`ς δύο πλευρ`ς [τα1ς] δύο If two triangles have two sides equal to two sides, re-
πλευρα1ς Jσας Sχ� Nκατέραν Nκατέρ�, τ>ν δ@ γωνίαν spectively, but (one) has the angle encompassed by the
τAς γωνίας µείζονα Sχ� τ>ν fπ] τ[ν Jσων ε:θει[ν πε- equal straight-lines greater than the (corresponding) an-
ριεχοµένην, καR τ>ν βάσιν τAς βάσεως µείζονα �ξει. gle (in the other), then (the former triangle) will also

have a base greater than the base (of the latter).
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qΕστω δύο τρίγωνα τ` ΑΒΓ, ∆ΕΖ τ`ς δύο πλευρ`ς Let ABC and DEF be two triangles having the two
τ`ς ΑΒ, ΑΓ τα1ς δύο πλευρα1ς τα1ς ∆Ε, ∆Ζ Jσας Sχοντα sides AB and AC equal to the two sides DE and DF ,
Nκατέραν Nκατέρ�, τ>ν µ@ν ΑΒ τa ∆Ε τ>ν δ@ ΑΓ τa respectively. (That is), AB to DE, and AC to DF . Let
∆Ζ, X δ@ πρ]ς τy Α γωνία τAς πρ]ς τy ∆ γωνίας µείζων them also have the angle at A greater than the angle at
Sστω· λέγω, eτι καR βάσις X ΒΓ βάσεως τAς ΕΖ µείζων D. I say that the base BC is greater than the base EF .
4στίν. For since angle BAC is greater than angle EDF ,

MΕπεR γ`ρ µείζων X fπ] ΒΑΓ γωνία τAς fπ] Ε∆Ζ let (angle) EDG, equal to angle BAC, have been con-
γωνίας, συνεστάτω πρ]ς τa ∆Ε ε:θεί� καR τy πρ]ς structed at point D on the straight-line DE [Prop. 1.23].
α:τa σηµείY τy ∆ τa fπ] ΒΑΓ γωνί� Jση X fπ] And let DG be made equal to either of AC or DF
Ε∆Η, καR κείσθω �ποτέρ� τ[ν ΑΓ, ∆Ζ Jση X ∆Η, καR [Prop. 1.3], and let EG and FG have been joined.
4πεζεύχθωσαν α^ ΕΗ, ΖΗ. Therefore, since AB is equal to DE and AC to DG,

MΕπεR οzν Jση 4στRν X µ@ν ΑΒ τa ∆Ε, X δ@ ΑΓ τa ∆Η, the two (straight-lines) BA, AC are equal to the two
δύο δ> α^ ΒΑ, ΑΓ δυσR τα1ς Ε∆, ∆Η Jσαι εkσRν Nκατέρα (straight-lines) ED, DG, respectively. Also the angle
Nκατέρ�· καR γωνία X fπ] ΒΑΓ γωνί� τa fπ] Ε∆Η Jση· BAC is equal to the angle EDG. Thus, the base BC
βάσις {ρα X ΒΓ βάσει τa ΕΗ 4στιν Jση. πάλιν, 4πεR is equal to the base EG [Prop. 1.4]. Again, since DF
Jση 4στRν X ∆Ζ τa ∆Η, Jση 4στR καR X fπ] ∆ΗΖ γωνία is equal to DG, angle DGF is also equal to angle DFG
τa fπ] ∆ΖΗ· µείζων {ρα X fπ] ∆ΖΗ τAς fπ] ΕΗΖ· [Prop. 1.5]. Thus, DFG (is) greater than EGF . Thus,
πολλy {ρα µείζων 4στRν X fπ] ΕΖΗ τAς fπ] ΕΗΖ. EFG is much greater than EGF . And since triangle
καR 4πεR τρίγωνόν 4στι τ] ΕΖΗ µείζονα Sχον τ>ν fπ] EFG has angle EFG greater than EGF , and the greater
ΕΖΗ γωνίαν τAς fπ] ΕΗΖ, fπ] δ@ τ>ν µείζονα γωνίαν angle subtends the greater side [Prop. 1.19], side EG (is)
X µείζων πλευρ` fποτείνει, µείζων {ρα καR πλευρ` X ΕΗ thus also greater than EF . But EG (is) equal to BC.
τAς ΕΖ. Jση δ@ X ΕΗ τa ΒΓ· µείζων {ρα καR X ΒΓ τAς Thus, BC (is) also greater than EF .
ΕΖ. Thus, if two triangles have two sides equal to two

MΕ`ν {ρα δύο τρίγωνα τ`ς δύο πλευρ`ς δυσR πλευρα1ς sides, respectively, but (one) has the angle encompassed
Jσας Sχ� Nκατέραν Nκατέρ�, τ>ν δ@ γωνίαν τAς γωνίας by the equal straight-lines greater than the (correspond-
µείζονα Sχ� τ>ν fπ] τ[ν Jσων ε:θει[ν περιεχοµένην, ing) angle (in the other), then (the former triangle) will
καR τ>ν βάσιν τAς βάσεως µείζονα �ξει· eπερ Sδει δε1ξαι. also have a base greater than the base (of the latter).

(Which is) the very thing it was required to show.
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κε΄. Proposition 25

MΕ`ν δύο τρίγωνα τ`ς δύο πλευρ`ς δυσR πλευρα1ς If two triangles have two sides equal to two sides,
Jσας Sχ� Nκατέραν Nκατέρ�, τ>ν δ@ βασίν τAς βάσεως respectively, but (one) has a base greater than the base
µείζονα Sχ�, καR τ>ν γωνίαν τAς γωνίας µείζονα �ξει τ>ν (of the other), then (the former triangle) will also have
fπ] τ[ν Jσων ε:θει[ν περιεχοµένην. the angle encompassed by the equal straight-lines greater

than the (corresponding) angle (in the latter).
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qΕστω δύο τρίγωνα τ` ΑΒΓ, ∆ΕΖ τ`ς δύο πλευρ`ς Let ABC and DEF be two triangles having the two

τ`ς ΑΒ, ΑΓ τα1ς δύο πλευρα1ς τα1ς ∆Ε, ∆Ζ Jσας Sχοντα sides AB and AC equal to the two sides DE and DF ,
Nκατέραν Nκατέρ�, τ>ν µ@ν ΑΒ τa ∆Ε, τ>ν δ@ ΑΓ τa respectively (That is), AB to DE, and AC to DF . And
∆Ζ· βάσις δ@ X ΒΓ βάσεως τAς ΕΖ µείζων Sστω· λέγω, let the base BC be greater than the base EF . I say that
eτι καR γωνία X fπ] ΒΑΓ γωνίας τAς fπ] Ε∆Ζ µείζων angle BAC is also greater than EDF .
4στίν. For if not, (BAC) is certainly either equal to, or less

Εk γ`ρ µή, gτοι Jση 4στRν α:τa p 4λάσσων· Jση µ@ν than, (EDF ). In fact, BAC is not equal to EDF . For
οzν ο:κ Sστιν X fπ] ΒΑΓ τa fπ] Ε∆Ζ· Jση γ`ρ �ν �ν then the base BC would also have been equal to EF
καR βάσις X ΒΓ βάσει τa ΕΖ· ο:κ Sστι δέ. ο:κ {ρα Jση [Prop. 1.4]. But it is not. Thus, angle BAC is not equal
4στR γωνία X fπ] ΒΑΓ τa fπ] Ε∆Ζ· ο:δ@ µ>ν 4λάσσων to EDF . Neither, indeed, is BAC less than EDF . For
4στRν X fπ] ΒΑΓ τAς fπ] Ε∆Ζ· 4λάσσων γ`ρ �ν �ν then the base BC would also have been less than EF
καR βάσις X ΒΓ βάσεως τAς ΕΖ· ο:κ Sστι δέ· ο:κ {ρα [Prop. 1.24]. But it is not. Thus, angle BAC is not less
4λάσσων 4στRν X fπ] ΒΑΓ γωνία τAς fπ] Ε∆Ζ. 4δείχθη than EDF . But it was shown that (BAC is) also not
δέ, eτι ο:δ@ Jση· µείζων {ρα 4στRν X fπ] ΒΑΓ τAς fπ] equal (to EDF ). Thus, BAC is greater than EDF .
Ε∆Ζ. Thus, if two triangles have two sides equal to two

MΕ`ν {ρα δύο τρίγωνα τ`ς δύο πλευρ`ς δυσR πλευρα1ς sides, respectively, but (one) has a base greater than the
Jσας Sχ� Nκατέραν Nκάτερ�, τ>ν δ@ βασίν τAς βάσεως base (of the other), then (the former triangle) will also
µείζονα Sχ�, καR τ>ν γωνίαν τAς γωνίας µείζονα �ξει τ>ν have the angle encompassed by the equal straight-lines
fπ] τ[ν Jσων ε:θει[ν περιεχοµένην· eπερ Sδει δε1ξαι. greater than the (corresponding) angle (in the latter).

(Which is) the very thing it was required to show.

κU΄. Proposition 26

MΕ`ν δύο τρίγωνα τ`ς δύο γωνίας δυσR γωνίαις Jσας If two triangles have two angles equal to two angles,
Sχ� Nκαρέραν Nκαρέρ� καR µίαν πλευρ`ν µι� πλευρ� respectively, and one side equal to one side—in fact, ei-
Jσην gτοι τ>ν πρ]ς τα1ς Jσαις γωνίαις p τ>ν fποτείνουσαν ther that by the equal angles, or that subtending one of
fπ] µίαν τ[ν Jσων γωνι[ν, καR τ`ς λοιπ`ς πλευρ`ς τα1ς the equal angles—then (the triangles) will also have the
λοιπα1ς πλευρα1ς Jσας �ξει [Nκατέραν Nκατέρ�] καR τ>ν remaining sides equal to the [corresponding] remaining
λοιπ>ν γωνίαν τa λοιπa γωνί�. sides, and the remaining angle (equal) to the remaining

qΕστω δύο τρίγωνα τ` ΑΒΓ, ∆ΕΖ τ`ς δύο γωνίας angle.
τ`ς fπ] ΑΒΓ, ΒΓΑ δυσR τα1ς fπ] ∆ΕΖ, ΕΖ∆ Jσας Let ABC and DEF be two triangles having the two
Sχοντα Nκατέραν Nκατέρ�, τ>ν µ@ν fπ] ΑΒΓ τa fπ] angles ABC and BCA equal to the two (angles) DEF
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∆ΕΖ, τ>ν δ@ fπ] ΒΓΑ τa fπ] ΕΖ∆· 4χέτω δ@ καR µίαν and EFD, respectively. (That is) ABC to DEF , and
πλευρ`ν µι� πλευρ� Jσην, πρότερον τ>ν πρ]ς τα1ς Jσαις BCA to EFD. And let them also have one side equal
γωνίαις τ>ν ΒΓ τa ΕΖ· λέγω, eτι καR τ`ς λοιπ`ς πλευρ`ς to one side. First of all, the (side) by the equal angles.
τα1ς λοιπα1ς πλευρα1ς Jσας �ξει Nκατέραν Nκατέρ�, τ>ν (That is) BC (equal) to EF . I say that the remaining
µ@ν ΑΒ τa ∆Ε τ>ν δ@ ΑΓ τa ∆Ζ, καR τ>ν λοιπ>ν γωνίαν sides will be equal to the corresponding remaining sides.
τa λοιπa γωνί�, τ>ν fπ] ΒΑΓ τa fπ] Ε∆Ζ. (That is) AB to DE, and AC to DF . And the remaining

angle (will be equal) to the remaining angle. (That is)
BAC to EDF .
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Εk γ`ρ {νισός 4στιν X ΑΒ τa ∆Ε, µία α:τ[ν µείζων For if AB is unequal to DE then one of them is
4στίν. Sστω µείζων X ΑΒ, καR κείσθω τa ∆Ε Jση X ΒΗ, greater. Let AB be greater, and let BG be made equal
καR 4πεζεύχθω X ΗΓ. to DE [Prop. 1.3], and let GC have been joined.

MΕπεR οzν Jση 4στRν X µ@ν ΒΗ τa ∆Ε, X δ@ ΒΓ τa Therefore, since BG is equal to DE, and BC to EF ,

ΕΖ, δύο δ> α^ ΒΗ, ΒΓ δυσR τα1ς ∆Ε, ΕΖ Jσαι εkσRν the two (straight-lines) GB, BC† are equal to the two
Nκατέρα Nκατέρ�· καR γωνία X fπ] ΗΒΓ γωνί� τa fπ] (straight-lines) DE, EF , respectively. And angle GBC is
∆ΕΖ Jση 4στίν· βάσις {ρα X ΗΓ βάσει τa ∆Ζ Jση 4στίν, equal to angle DEF . Thus, the base GC is equal to the
καR τ] ΗΒΓ τρίγωνον τy ∆ΕΖ τριγώνY Jσον 4στίν, καR α^ base DF , and triangle GBC is equal to triangle DEF ,
λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι Sσονται, fφM }ς α^ and the remaining angles subtended by the equal sides
Jσας πλευραR fποτείνουσιν· Jση {ρα X fπ] ΗΓΒ γωνία τa will be equal to the (corresponding) remaining angles
fπ] ∆ΖΕ. Cλλ` X fπ] ∆ΖΕ τa fπ] ΒΓΑ fπόκειται Jση· [Prop. 1.4]. Thus, GCB (is equal) to DFE. But, DFE
καR X fπ] ΒΓΗ {ρα τa fπ] ΒΓΑ Jση 4στίν, X 4λάσσων was assumed (to be) equal to BCA. Thus, BCG is also
τa µείζονι· eπερ Cδύνατον. ο:κ {ρα {νισός 4στιν X ΑΒ equal to BCA, the lesser to the greater. The very thing
τa ∆Ε. Jση {ρα. Sστι δ@ καR X ΒΓ τa ΕΖ Jση· δύο δ> α^ (is) impossible. Thus, AB is not unequal to DE. Thus,
ΑΒ, ΒΓ δυσR τα1ς ∆Ε, ΕΖ Jσαι εkσRν Nκατέρα Nκατέρ�· (it is) equal. And BC is also equal to EF . So the two
καR γωνία X fπ] ΑΒΓ γωνί� τa fπ] ∆ΕΖ 4στιν Jση· (straight-lines) AB, BC are equal to the two (straight-
βάσις {ρα X ΑΓ βάσει τa ∆Ζ Jση 4στίν, καR λοιπ> γωνία lines) DE, EF , respectively. And angle ABC is equal to
X fπ] ΒΑΓ τa λοιπa γωνί� τa fπ] Ε∆Ζ Jση 4στίν. angle DEF . Thus, the base AC is equal to the base DF ,

MΑλλ` δ> πάλιν Sστωσαν α^ fπ] τ`ς Jσας γωνίας and the remaining angle BAC is equal to the remaining
πλευραR fποτείνουσαι Jσαι, �ς X ΑΒ τa ∆Ε· λέγω πάλιν, angle EDF [Prop. 1.4].
eτι καR α^ λοιπαR πλευραR τα1ς λοιπα1ς πλευρα1ς Jσας But, again, let the sides subtending the equal angles
Sσονται, X µ@ν ΑΓ τa ∆Ζ, X δ@ ΒΓ τa ΕΖ καR Sτι X be equal: for instance, (let) AB (be equal) to DE. Again,
λοιπ> γωνία X fπ] ΒΑΓ τa λοιπa γωνί� τa fπ] Ε∆Ζ I say that the remaining sides will be equal to the remain-
Jση 4στίν. ing sides. (That is) AC to DF , and BC to EF . Further-

Εk γ`ρ {νισός 4στιν X ΒΓ τa ΕΖ, µία α:τ[ν µείζων more, the remaining angle BAC is equal to the remaining
4στίν. Sστω µείζων, εk δυνατόν, X ΒΓ, καR κείσθω τa ΕΖ angle EDF .
Jση X ΒΘ, καR 4πεζεύχθω X ΑΘ. καR 4π@ι Jση 4στRν X µ@ν For if BC is unequal to EF then one of them is
ΒΘ τa ΕΖ X δ@ ΑΒ τa ∆Ε, δύο δ> α^ ΑΒ, ΒΘ δυσR greater. If possible, let BC be greater. And let BH be
τα1ς ∆Ε, ΕΖ Jσαι εkσRν Nκατέρα Nκαρέρ�· καR γωνίας Jσας made equal to EF [Prop. 1.3], and let AH have been
περιέχουσιν· βάσις {ρα X ΑΘ βάσει τa ∆Ζ Jση 4στίν, καR joined. And since BH is equal to EF , and AB to DE,
τ] ΑΒΘ τρίγωνον τy ∆ΕΖ τριγώνY Jσον 4στίν, καR α^ the two (straight-lines) AB, BH are equal to the two
λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι Sσονται, fφM }ς (straight-lines) DE, EF , respectively. And the angles
α^ Jσας πλευραR fποτείνουσιν· Jση {ρα 4στRν X fπ] ΒΘΑ they encompass (are also equal). Thus, the base AH is
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γωνία τa fπ] ΕΖ∆. Cλλ` X fπ] ΕΖ∆ τa fπ] ΒΓΑ equal to the base DF , and the triangle ABH is equal to
4στιν Jση· τριγώνου δ> τοj ΑΘΓ X 4κτ]ς γωνία X fπ] the triangle DEF , and the remaining angles subtended
ΒΘΑ Jση 4στR τa 4ντ]ς καR Cπεναντίον τa fπ] ΒΓΑ· by the equal sides will be equal to the (corresponding)
eπερ Cδύνατον. ο:κ {ρα {νισός 4στιν X ΒΓ τa ΕΖ· Jση remaining angles [Prop. 1.4]. Thus, angle BHA is equal
{ρα. 4στR δ@ καR X ΑΒ τa ∆Ε Jση. δύο δ> α^ ΑΒ, ΒΓ to EFD. But, EFD is equal to BCA. So, for triangle
δύο τα1ς ∆Ε, ΕΖ Jσαι εkσRν Nκατέρα Nκατέρ�· καR γωνίας AHC, the external angle BHA is equal to the internal
Jσας περιέχουσι· βάσις {ρα X ΑΓ βάσει τa ∆Ζ Jση 4στίν, and opposite angle BCA. The very thing (is) impossi-
καR τ] ΑΒΓ τρίγωνον τy ∆ΕΖ τριγώνY Jσον καR λοιπ> ble [Prop. 1.16]. Thus, BC is not unequal to EF . Thus,
γωνία X fπ] ΒΑΓ τa λοιπ� γωνί� τa fπ] Ε∆Ζ Jση. (it is) equal. And AB is also equal to DE. So the two

MΕ`ν {ρα δύο τρίγωνα τ`ς δύο γωνίας δυσR γωνίαις (straight-lines) AB, BC are equal to the two (straight-
Jσας Sχ� Nκαρέραν Nκαρέρ� καR µίαν πλευρ`ν µι� πλευρ� lines) DE, EF , respectively. And they encompass equal
Jσην gτοι τ>ν πρ]ς τα1ς Jσαις γωνίαις, p τ>ν fποτείνουσαν angles. Thus, the base AC is equal to the base DF , and
fπ] µίαν τ[ν Jσων γωνι[ν, καR τ`ς λοιπ`ς πλευρ`ς τα1ς triangle ABC (is) equal to triangle DEF , and the re-
λοιπα1ς πλευρα1ς Jσας �ξει καR τ>ν λοιπ>ν γωνίαν τa maining angle BAC (is) equal to the remaining angle
λοιπa γωνί�· eπερ Sδει δε1ξαι. EDF [Prop. 1.4].

Thus, if two triangles have two angles equal to two
angles, respectively, and one side equal to one side—in
fact, either that by the equal angles, or that subtending
one of the equal angles—then (the triangles) will also
have the remaining sides equal to the (corresponding) re-
maining sides, and the remaining angle (equal) to the re-
maining angle. (Which is) the very thing it was required
to show.

† The Greek text has “BG, BC”, which is obviously a mistake.

κζ΄. Proposition 27

MΕ`ν εkς δύο ε:θείας ε:θε1α 4µπίπτουσα τ`ς 4ναλλ`ξ If a straight-line falling across two straight-lines
γωνίας Jσας Cλλήλαις ποιa, παράλληλοι Sσονται Cλλήλαις makes the alternate angles equal to one another then
α^ ε:θε1αι. the (two) straight-lines will be parallel to one another.
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Εkς γ`ρ δύο ε:θείας τ`ς ΑΒ, Γ∆ ε:θε1α 4µπίπτουσα For let the straight-line EF , falling across the two
X ΕΖ τ`ς 4ναλλ`ξ γωνίας τ`ς fπ] ΑΕΖ, ΕΖ∆ Jσας straight-lines AB and CD, make the alternate angles
Cλλήλαις ποιείτω· λέγω, eτι παράλληλός 4στιν X ΑΒ τa AEF and EFD equal to one another. I say that AB and
Γ∆. CD are parallel.

Εk γ`ρ µή, 4κβαλλόµεναι α^ ΑΒ, Γ∆ συµπεσοjνται For if not, being produced, AB and CD will certainly
gτοι 4πR τ` Β, ∆ µέρη p 4πR τ` Α, Γ. 4κβεβλήσθωσαν καR meet together: either in the direction of B and D, or (in
συµπιπτέτωσαν 4πR τ` Β, ∆ µέρη κατ` τ] Η. τριγώνου the direction) of A and C [Def. 1.23]. Let them have
δ> τοj ΗΕΖ X 4κτ]ς γωνία X fπ] ΑΕΖ Jση 4στR τa been produced, and let them meet together in the di-
4ντ]ς καR Cπεναντίον τa fπ] ΕΖΗ· eπερ 4στRν Cδύνατον· rection of B and D at (point) G. So, for the triangle
ο:κ {ρα α^ ΑΒ, ∆Γ 4κβαλλόµεναι συµπεσοjνται 4πR τ` GEF , the external angle AEF is equal to the interior
Β, ∆ µέρη. �µοίως δ> δειχθήσεται, eτι ο:δ@ 4πR τ` Α, and opposite (angle) EFG. The very thing is impossible

30



ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

Γ· α^ δ@ 4πR µηδέτερα τ` µέρη συµπίπτουσαι παράλληλοί [Prop. 1.16]. Thus, being produced, AB and DC will not
εkσιν· παράλληλος {ρα 4στRν X ΑΒ τa Γ∆. meet together in the direction of B and D. Similarly, it

MΕ`ν {ρα εkς δύο ε:θείας ε:θε1α 4µπίπτουσα τ`ς can be shown that neither (will they meet together) in
4ναλλ`ξ γωνίας Jσας Cλλήλαις ποιa, παράλληλοι Sσονται (the direction of) A and C. But (straight-lines) meeting
α^ ε:θε1αι· eπερ Sδει δε1ξαι. in neither direction are parallel [Def. 1.23]. Thus, AB

and CD are parallel.
Thus, if a straight-line falling across two straight-lines

makes the alternate angles equal to one another then
the (two) straight-lines will be parallel (to one another).
(Which is) the very thing it was required to show.

κη΄. Proposition 28

MΕ`ν εkς δύο ε:θείας ε:θε1α 4µπίπτουσα τ>ν 4κτ]ς If a straight-line falling across two straight-lines
γωνίαν τa 4ντ]ς καR Cπεναντίον καR 4πR τ` α:τ` µέρη makes the external angle equal to the internal and oppo-
Jσην ποιa p τ`ς 4ντ]ς καR 4πR τ` α:τ` µέρη δυσRν bρθα1ς site angle on the same side, or (makes) the (sum of the)
Jσας, παράλληλοι Sσονται Cλλήλαις α^ ε:θε1αι. internal (angles) on the same side equal to two right-

angles, then the (two) straight-lines will be parallel to
one another.
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Εkς γ`ρ δύο εfθείας τ`ς ΑΒ, Γ∆ ε:θε1α 4µπίπτουσα For let EF , falling across the two straight-lines AB
X ΕΖ τ>ν 4κτ]ς γωνίαν τ>ν fπ] ΕΗΒ τa 4ντ]ς καR and CD, make the external angle EGB equal to the in-
Cπεναντίον γωνί� τa fπ] ΗΘ∆ Jσην ποιείτω p τ`ς 4ντ]ς ternal and opposite angle GHD, or the (sum of the) in-
καR 4πR τ` α:τ` µέρη τ`ς fπ] ΒΗΘ, ΗΘ∆ δυσRν bρθα1ς ternal (angles) on the same side, BGH and GHD, equal
Jσας· λέγω, eτι παράλληλός 4στιν X ΑΒ τa Γ∆. to two right-angles. I say that AB is parallel to CD.

MΕπεR γ`ρ Jση 4στRν X fπ] ΕΗΒ τa fπ] ΗΘ∆, Cλλ` X For since (in the first case) EGB is equal to GHD, but
fπ] ΕΗΒ τa fπ] ΑΗΘ 4στιν Jση, καR X fπ] ΑΗΘ {ρα EGB is equal to AGH [Prop. 1.15], AGH is thus also
τa fπ] ΗΘ∆ 4στιν Jση· καί εkσιν 4ναλλάξ· παράλληλος equal to GHD. And they are alternate (angles). Thus,
{ρα 4στRν X ΑΒ τa Γ∆. AB is parallel to CD [Prop. 1.27].

Πάλιν, 4πεR α^ fπ] ΒΗΘ, ΗΘ∆ δύο bρθα1ς Jσαι Again, since (in the second case, the sum of) BGH
εkσίν, εkσR δ@ καR α^ fπ] ΑΗΘ, ΒΗΘ δυσRν bρθα1ς Jσαι, and GHD is equal to two right-angles, and (the sum
α^ {ρα fπ] ΑΗΘ, ΒΗΘ τα1ς fπ] ΒΗΘ, ΗΘ∆ Jσαι of) AGH and BGH is also equal to two right-angles
εkσίν· κοιν> Cφ�ρήσθω X fπ] ΒΗΘ· λοιπ> {ρα X fπ] [Prop. 1.13], (the sum of) AGH and BGH is thus equal
ΑΗΘ λοιπa τa fπ] ΗΘ∆ 4στιν Jση· καί εkσιν 4ναλλάξ· to (the sum of) BGH and GHD. Let BGH have been
παράλληλος {ρα 4στRν X ΑΒ τa Γ∆. subtracted from both. Thus, the remainder AGH is equal

MΕ`ν {ρα εkς δύο ε:θείας ε:θε1α 4µπίπτουσα τ>ν to the remainder GHD. And they are alternate (angles).
4κτ]ς γωνίαν τa 4ντ]ς καR Cπεναντίον καR 4πR τ` α:τ` Thus, AB is parallel to CD [Prop. 1.27].
µέρη Jσην ποιa p τ`ς 4ντ]ς καR 4πR τ` α:τ` µέρη δυσRν Thus, if a straight-line falling across two straight-lines
bρθα1ς Jσας, παράλληλοι Sσονται α^ ε:θε1αι· eπερ Sδει makes the external angle equal to the internal and oppo-
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δε1ξαι. site angle on the same side, or (makes) the (sum of the)
internal (angles) on the same side equal to two right-
angles, then the (two) straight-lines will be parallel (to
one another). (Which is) the very thing it was required
to show.

κθ΄. Proposition 29

nΗ εkς τ`ς παραλλήλους ε:θείας ε:θε1α 4µπίπτουσα A straight-line falling across parallel straight-lines
τάς τε 4ναλλ`ξ γωνίας Jσας Cλλήλαις ποιε1 καR τ>ν 4κτ]ς makes the alternate angles equal to one another, the ex-
τa 4ντ]ς καR Cπεναντίον Jσην καR τ`ς 4ντ]ς καR 4πR τ` ternal (angle) equal to the internal and opposite (angle),
α:τ` µέρη δυσRν bρθα1ς Jσας. and the (sum of the) internal (angles) on the same side

equal to two right-angles.
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Εkς γ`ρ παραλλήλους ε:θείας τ`ς ΑΒ, Γ∆ ε:θε1α For let the straight-line EF fall across the parallel
4µπιπτέτω X ΕΖ· λέγω, eτι τ`ς 4ναλλ`ξ γωνίας τ`ς fπ] straight-lines AB and CD. I say that it makes the alter-
ΑΗΘ, ΗΘ∆ Jσας ποιε1 καR τ>ν 4κτ]ς γωνίαν τ>ν fπ] nate angles, AGH and GHD, equal, the external angle
ΕΗΒ τa 4ντ]ς καR Cπεναντίον τa fπ] ΗΘ∆ Jσην καR τ`ς EGB equal to the internal and opposite (angle) GHD,
4ντ]ς καR 4πR τ` α:τ` µέρη τ`ς fπ] ΒΗΘ, ΗΘ∆ δυσRν and the (sum of the) internal (angles) on the same side,
bρθα1ς Jσας. BGH and GHD, equal to two right-angles.

Εk γ`ρ {νισός 4στιν X fπ] ΑΗΘ τa fπ] ΗΘ∆, µία For if AGH is unequal to GHD then one of them is
α:τ[ν µείζων 4στίν. Sστω µείζων X fπ] ΑΗΘ· κοιν> greater. Let AGH be greater. Let BGH have been added
προσκείσθω X fπ] ΒΗΘ· α^ {ρα fπ] ΑΗΘ, ΒΗΘ τ[ν to both. Thus, (the sum of) AGH and BGH is greater
fπ] ΒΗΘ, ΗΘ∆ µείζονές εkσιν. Cλλ` α^ fπ] ΑΗΘ, than (the sum of) BGH and GHD. But, (the sum of)
ΒΗΘ δυσRν bρθα1ς Jσαι εkσίν. [καR] α^ {ρα fπ] ΒΗΘ, AGH and BGH is equal to two right-angles [Prop 1.13].
ΗΘ∆ δύο bρθ[ν 4λάσσονές εkσιν. α^ δ@ CπM 4λασσόνων Thus, (the sum of) BGH and GHD is [also] less than
p δύο bρθ[ν 4κβαλλόµεναι εkς {πειρον συµπίπουσιν· α^ two right-angles. But (straight-lines) being produced to
{ρα ΑΒ, Γ∆ 4κβαλλόµεναι εkς {πειρον συµπεσοjνται· ο: infinity from (internal angles whose sum is) less than two
συµπίπτουσι δ@ δι` τ] παραλλήλους αfτ`ς fποκε1σθαι· right-angles meet together [Post. 5]. Thus, AB and CD,
ο:κ {ρα {νισός 4στιν X fπ] ΑΗΘ τa fπ] ΗΘ∆· Jση being produced to infinity, will meet together. But they do
{ρα. Cλλ` X fπ] ΑΗΘ τa fπ] ΕΗΒ 4στιν Jση· καR X fπ] not meet, on account of them (initially) being assumed
ΕΗΒ {ρα τa fπ] ΗΘ∆ 4στιν Jση· κοιν> προσκείσθω X parallel (to one another) [Def. 1.23]. Thus, AGH is not
fπ] ΒΗΘ· α^ {ρα fπ] ΕΗΒ, ΒΗΘ τα1ς fπ] ΒΗΘ, unequal to GHD. Thus, (it is) equal. But, AGH is equal
ΗΘ∆ Jσαι εkσίν. Cλλ` α^ fπ] ΕΗΒ, ΒΗΘ δύο bρθα1ς to EGB [Prop. 1.15]. And EGB is thus also equal to
Jσαι εkσίν· καR α^ fπ] ΒΗΘ, ΗΘ∆ {ρα δύο bρθα1ς Jσαι GHD. Let BGH be added to both. Thus, (the sum of)
εkσίν. EGB and BGH is equal to (the sum of) BGH and GHD.

nΗ {ρα εkς τ`ς παραλλήλους ε:θείας ε:θε1α 4µπίπτουσα But, (the sum of) EGB and BGH is equal to two right-
τάς τε 4ναλλ`ξ γωνίας Jσας Cλλήλαις ποιε1 καR τ>ν 4κτ]ς angles [Prop. 1.13]. Thus, (the sum of) BGH and GHD
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τa 4ντ]ς καR Cπεναντίον Jσην καR τ`ς 4ντ]ς καR 4πR τ` is also equal to two right-angles.
α:τ` µέρη δυσRν bρθα1ς Jσας· eπερ Sδει δε1ξαι. Thus, a straight-line falling across parallel straight-

lines makes the alternate angles equal to one another, the
external (angle) equal to the internal and opposite (an-
gle), and the (sum of the) internal (angles) on the same
side equal to two right-angles. (Which is) the very thing
it was required to show.

λ΄. Proposition 30

Α^ τa α:τa ε:θεί� παράλληλοι καR Cλλήλαις εkσR (Straight-lines) parallel to the same straight-line are
παράλληλοι. also parallel to one another.
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qΕστω Nκατέρα τ[ν ΑΒ, Γ∆ τa ΕΖ παράλληλος· Let each of the (straight-lines) AB and CD be parallel
λέγω, eτι καR X ΑΒ τa Γ∆ 4στι παράλληλος. to EF . I say that AB is also parallel to CD.

MΕµπιπτέτω γ`ρ εkς α:τ`ς ε:θε1α X ΗΚ. For let the straight-line GK fall across (AB, CD, and
ΚαR 4πεR εkς παραλλήλους ε:θείας τ`ς ΑΒ, ΕΖ ε:θε1α EF ).

4µπέπτωκεν X ΗΚ, Jση {ρα X fπ] ΑΗΚ τa fπ] ΗΘΖ. And since GK has fallen across the parallel straight-
πάλιν, 4πεR εkς παραλλήλους ε:θείας τ`ς ΕΖ, Γ∆ ε:θε1α lines AB and EF , (angle) AGK (is) thus equal to GHF
4µπέπτωκεν X ΗΚ, Jση 4στRν X fπ] ΗΘΖ τa fπ] ΗΚ∆. [Prop. 1.29]. Again, since GK has fallen across the par-
4δείχθη δ@ καR X fπ] ΑΗΚ τa fπ] ΗΘΖ Jση. καR X allel straight-lines EF and CD, (angle) GHF is equal to
fπ] ΑΗΚ {ρα τa fπ] ΗΚ∆ 4στιν Jση· καί ε^σιν 4ναλλάξ. GKD [Prop. 1.29]. But AGK was also shown (to be)
παράλληλος {ρα 4στRν X ΑΒ τa Γ∆. equal to GHF . Thus, AGK is also equal to GKD. And

[Α^ {ρα τa α:τa ε:θεί� παράλληλοι καR Cλλήλαις εkσR they are alternate (angles). Thus, AB is parallel to CD
παράλληλοι·] eπερ Sδει δε1ξαι. [Prop. 1.27].

[Thus, (straight-lines) parallel to the same straight-
line are also parallel to one another.] (Which is) the very
thing it was required to show.

λα΄. Proposition 31

∆ι` τοj δοθέντος σηµείου τa δοθείσ� ε:θεί� To draw a straight-line parallel to a given straight-line,
παράλληλον ε:θε1αν γραµµ>ν Cγαγε1ν. through a given point.

qΕστω τ] µ@ν δοθ@ν σηµε1ον τ] Α, X δ@ δοθε1σα Let A be the given point, and BC the given straight-
ε:θε1α X ΒΓ· δε1 δ> δι` τοj Α σηµείου τa ΒΓ ε:θεί� line. So it is required to draw a straight-line parallel to
παράλληλον ε:θε1αν γραµµ>ν Cγαγε1ν. the straight-line BC, through the point A.

Εkλήφθω 4πR τAς ΒΓ τυχ]ν σηµε1ον τ] ∆, καR Let the point D have been taken somewhere on BC,
4πεζεύχθω X Α∆· καR συνεστάτω πρ]ς τa ∆Α ε:θεί� and let AD have been joined. And let (angle) DAE,
καR τy πρ]ς α:τa σηµείY τy Α τa fπ] Α∆Γ γωνί� Jση equal to angle ADC, have been constructed at the point
X fπ] ∆ΑΕ· καR 4κβεβλήσθω 4πM ε:θείας τa ΕΑ ε:θε1α A on the straight-line DA [Prop. 1.23]. And let the
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X ΑΖ. straight-line AF have been produced in a straight-line
with EA.

Γ

Ε

Β
∆

Α Ζ

C

E

B
D

A
F

ΚαR 4πεR εkς δύο ε:θείας τ`ς ΒΓ, ΕΖ ε:θε1α And since the straight-line AD, (in) falling across the
4µπίπτουσα X Α∆ τ`ς 4ναλλ`ξ γωνίας τ`ς fπ] ΕΑ∆, two straight-lines BC and EF , has made the alternate
Α∆Γ Jσας Cλλήλαις πεποίηκεν, παράλληλος {ρα 4στRν X angles EAD and ADC equal to one another, EAF is thus
ΕΑΖ τa ΒΓ. parallel to BC [Prop. 1.27].

∆ι` τοj δοθέντος {ρα σηµείου τοj Α τa δοθείσ� Thus, the straight-line EAF has been drawn parallel
ε:θεί� τa ΒΓ παράλληλος ε:θε1α γραµµ> �κται X ΕΑΖ· to the given straight-line BC, through the given point A.
eπερ Sδει ποιAσαι. (Which is) the very thing it was required to do.

λβ΄. Proposition 32

Παντ]ς τριγώνου µιiς τ[ν πλευρ[ν προσεκβληθείσης For any triangle, (if) one of the sides (is) produced
X 4κτ]ς γωνία δυσR τα1ς 4ντ]ς καR Cπεναντίον Jση 4στίν, (then) the external angle is equal to the (sum of the) two
καR α^ 4ντ]ς τοj τριγώνου τρε1ς γωνίαι δυσRν bρθα1ς Jσαι internal and opposite (angles), and the (sum of the) three
εkσίν. internal angles of the triangle is equal to two right-angles.
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qΕστω τρίγωνον τ] ΑΒΓ, καR προσεκβεβλήσθω Let ABC be a triangle, and let one of its sides BC
α:τοj µία πλευρ` X ΒΓ 4πR τ] ∆· λέγω, eτι X 4κτ]ς have been produced to D. I say that the external angle
γωνία X fπ] ΑΓ∆ Jση 4στR δυσR τα1ς 4ντ]ς καR Cπε- ACD is equal to the (sum of the) two internal and oppo-
ναντίον τα1ς fπ] ΓΑΒ, ΑΒΓ, καR α^ 4ντ]ς τοj τριγώνου site angles CAB and ABC, and the (sum of the) three
τρε1ς γωνίαι α^ fπ] ΑΒΓ, ΒΓΑ, ΓΑΒ δυσRν bρθα1ς Jσαι internal angles of the triangle—ABC, BCA, and CAB—
εkσίν. is equal to two right-angles.

qΗχθω γ`ρ δι` τοj Γ σηµείου τa ΑΒ ε:θεί� For let CE have been drawn through point C parallel
παράλληλος X ΓΕ. to the straight-line AB [Prop. 1.31].

ΚαR 4πεR παράλληλός 4στιν X ΑΒ τa ΓΕ, καR εkς And since AB is parallel to CE, and AC has fallen
α:τ`ς 4µπέπτωκεν X ΑΓ, α^ 4ναλλ`ξ γωνίαι α^ fπ] ΒΑΓ, across them, the alternate angles BAC and ACE are
ΑΓΕ Jσαι Cλλήλαις εkσίν. πάλιν, 4πεR παράλληλός 4στιν equal to one another [Prop. 1.29]. Again, since AB is
X ΑΒ τa ΓΕ, καR εkς α:τ`ς 4µπέπτωκεν ε:θε1α X Β∆, X parallel to CE, and the straight-line BD has fallen across
4κτ]ς γωνία X fπ] ΕΓ∆ Jση 4στR τa 4ντ]ς καR Cπεναντίον them, the external angle ECD is equal to the internal
τa fπ] ΑΒΓ. 4δείχθη δ@ καR X fπ] ΑΓΕ τa fπ] ΒΑΓ and opposite (angle) ABC [Prop. 1.29]. But ACE was
Jση· eλη {ρα X fπ] ΑΓ∆ γωνία Jση 4στR δυσR τα1ς 4ντ]ς also shown (to be) equal to BAC. Thus, the whole an-
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καR Cπεναντίον τα1ς fπ] ΒΑΓ, ΑΒΓ. gle ACD is equal to the (sum of the) two internal and
Κοιν> προσκείσθω X fπ] ΑΓΒ· α^ {ρα fπ] ΑΓ∆, opposite (angles) BAC and ABC.

ΑΓΒ τρισR τα1ς fπ] ΑΒΓ, ΒΓΑ, ΓΑΒ Jσαι εkσίν. CλλM α^ Let ACB have been added to both. Thus, (the sum
fπ] ΑΓ∆, ΑΓΒ δυσRν bρθα1ς Jσαι εkσίν· καR α^ fπ] ΑΓΒ, of) ACD and ACB is equal to the (sum of the) three
ΓΒΑ, ΓΑΒ {ρα δυσRν bρθα1ς Jσαι εkσίν. (angles) ABC, BCA, and CAB. But, (the sum of) ACD

Παντ]ς {ρα τριγώνου µιiς τ[ν πλευρ[ν προσεκ- and ACB is equal to two right-angles [Prop. 1.13]. Thus,
βληθείσης X 4κτ]ς γωνία δυσR τα1ς 4ντ]ς καR Cπεναντίον (the sum of) ACB, CBA, and CAB is also equal to two
Jση 4στίν, καR α^ 4ντ]ς τοj τριγώνου τρε1ς γωνίαι δυσRν right-angles.
bρθα1ς Jσαι εkσίν· eπερ Sδει δε1ξαι. Thus, for any triangle, (if) one of the sides (is) pro-

duced (then) the external angle is equal to the (sum of
the) two internal and opposite (angles), and the (sum of
the) three internal angles of the triangle is equal to two
right-angles. (Which is) the very thing it was required to
show.

λγ΄. Proposition 33

Α^ τ`ς Jσας τε καR παραλλήλους 4πR τ` α:τ` µέρη Straight-lines joining equal and parallel (straight-
4πιζευγνύουσαι ε:θε1αι καR α:ταR Jσας τε καR παράλληλοί lines) on the same sides are themselves also equal and
εkσιν. parallel.
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B A

qΕστωσαν Jσαι τε καR παράλληλοι α^ ΑΒ, Γ∆, καR Let AB and CD be equal and parallel (straight-lines),
4πιζευγνύτωσαν α:τ`ς 4πR τ` α:τ` µέρη ε:θε1αι α^ ΑΓ, and let the straight-lines AC and BD join them on the
Β∆· λέγω, eτι καR α^ ΑΓ, Β∆ Jσαι τε καR παράλληλοί same sides. I say that AC and BD are also equal and
εkσιν. parallel.

MΕπεζεύχθω X ΒΓ. καR 4πεR παράλληλός 4στιν X ΑΒ Let BC have been joined. And since AB is parallel to
τa Γ∆, καR εkς α:τ`ς 4µπέπτωκεν X ΒΓ, α^ 4ναλλ`ξ γωνίαι CD, and BC has fallen across them, the alternate angles
α^ fπ] ΑΒΓ, ΒΓ∆ Jσαι Cλλήλαις εkσίν. καR 4πεR Jση 4στRν ABC and BCD are equal to one another [Prop. 1.29].
X ΑΒ τa Γ∆ κοιν> δ@ X ΒΓ, δύο δ> α^ ΑΒ, ΒΓ δύο τα1ς And since AB and CD are equal, and BC is common,
ΒΓ, Γ∆ Jσαι εkσίν· καR γωνία X fπ] ΑΒΓ γωνί� τa fπ] the two (straight-lines) AB, BC are equal to the two

ΒΓ∆ Jση· βάσις {ρα X ΑΓ βάσει τa Β∆ 4στιν Jση, καR (straight-lines) DC, CB.†And the angle ABC is equal to
τ] ΑΒΓ τρίγωνον τy ΒΓ∆ τριγώνY Jσον 4στίν, καR α^ the angle BCD. Thus, the base AC is equal to the base
λοιπαR γωνίαι τα1ς λοιπα1ς γωνίαις Jσαι Sσονται Nκατέρα BD, and triangle ABC is equal to triangle ACD, and the
Nκατέρ�, fφM }ς α^ Jσαι πλευραR fποτείνουσιν· Jση {ρα X remaining angles will be equal to the corresponding re-
fπ] ΑΓΒ γωνία τa fπ] ΓΒ∆. καR 4πεR εkς δύο ε:θείας maining angles subtended by the equal sides [Prop. 1.4].
τ`ς ΑΓ, Β∆ ε:θε1α 4µπίπτουσα X ΒΓ τ`ς 4ναλλ`ξ γωνίας Thus, angle ACB is equal to CBD. Also, since the
Jσας Cλλήλαις πεποίηκεν, παράλληλος {ρα 4στRν X ΑΓ straight-line BC, (in) falling across the two straight-lines
τa Β∆. 4δείχθη δ@ α:τa καR Jση. AC and BD, has made the alternate angles (ACB and

Α^ {ρα τ`ς Jσας τε καR παραλλήλους 4πR τ` α:τ` µέρη CBD) equal to one another, AC is thus parallel to BD
4πιζευγνύουσαι ε:θε1αι καR α:ταR Jσαι τε καR παράλληλοί [Prop. 1.27]. And (AC) was also shown (to be) equal to
εkσιν· eπερ Sδει δε1ξαι. (BD).

Thus, straight-lines joining equal and parallel (straight-
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lines) on the same sides are themselves also equal and
parallel. (Which is) the very thing it was required to
show.

† The Greek text has “BC, CD”, which is obviously a mistake.

λδ΄. Proposition 34

Τ[ν παραλληλογράµµων χωρίων α^ Cπεναντίον For parallelogrammic figures, the opposite sides and an-
πλευραί τε καR γωνίαι Jσαι Cλλήλαις εkσίν, καR X gles are equal to one another, and a diagonal cuts them
διάµετρος α:τ` δίχα τέµνει. in half.
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qΕστω παραλληλόγραµµον χωρίον τ] ΑΓ∆Β, διάµετ- Let ACDB be a parallelogrammic figure, and BC its
ρος δ@ α:τοj X ΒΓ· λέγω, eτι τοj ΑΓ∆Β παραλλη- diagonal. I say that for parallelogram ACDB, the oppo-
λογράµµου α^ Cπεναντίον πλευραί τε καR γωνίαι Jσαι site sides and angles are equal to one another, and the
Cλλήλαις εkσίν, καR X ΒΓ διάµετρος α:τ] δίχα τέµνει. diagonal BC cuts it in half.

MΕπεR γ`ρ παράλληλός 4στιν X ΑΒ τa Γ∆, καR εkς For since AB is parallel to CD, and the straight-line
α:τ`ς 4µπέπτωκεν ε:θε1α X ΒΓ, α^ 4ναλλ`ξ γωνιάι α^ fπ] BC has fallen across them, the alternate angles ABC and
ΑΒΓ, ΒΓ∆ Jσαι Cλλήλαις εkσίν. πάλιν 4πεR παράλληλός BCD are equal to one another [Prop. 1.29]. Again, since
4στιν X ΑΓ τa Β∆, καR εkς α:τ`ς 4µπέπτωκεν X ΒΓ, α^ AC is parallel to BD, and BC has fallen across them, the
4ναλλ`ξ γωνίαι α^ fπ] ΑΓΒ, ΓΒ∆ Jσας Cλλήλαις εkσίν. alternate angles ACB and CBD are equal to one another
δύο δ> τρίγωνά 4στι τ` ΑΒΓ, ΒΓ∆ τ`ς δύο γωνίας τ`ς [Prop. 1.29]. So ABC and BCD are two triangles having
fπ] ΑΒΓ, ΒΓΑ δυσR τα1ς fπ] ΒΓ∆, ΓΒ∆ Jσας Sχοντα the two angles ABC and BCA equal to the two (angles)
Nκατέραν Nκατέρ� καR µίαν πλευρ`ν µι� πλευρ� Jσην BCD and CBD, respectively, and one side equal to one
τ>ν πρ]ς τα1ς Jσαις γωνίαις κοιν>ν α:τ[ν τ>ν ΒΓ· καR side—the (one) common to the equal angles, (namely)
τ`ς λοιπ`ς {ρα πλευρ`ς τα1ς λοιπα1ς Jσας �ξει Nκατέραν BC. Thus, they will also have the remaining sides equal
Nκατέρ� καR τ>ν λοιπ>ν γωνίαν τa λοιπa γωνί�· Jση {ρα to the corresponding remaining (sides), and the remain-
X µ@ν ΑΒ πλευρ` τa Γ∆, X δ@ ΑΓ τa Β∆, καR Sτι Jση ing angle (equal) to the remaining angle [Prop. 1.26].
4στRν X fπ] ΒΑΓ γωνία τa fπ] Γ∆Β. καR 4πεR Jση 4στRν Thus, side AB is equal to CD, and AC to BD. Fur-
X µ@ν fπ] ΑΒΓ γωνία τa fπ] ΒΓ∆, X δ@ fπ] ΓΒ∆ τa thermore, angle BAC is equal to CDB. And since angle
fπ] ΑΓΒ, eλη {ρα X fπ] ΑΒ∆ eλ� τa fπ] ΑΓ∆ 4στιν ABC is equal to BCD, and CBD to ACB, the whole
Jση. 4δείχθη δ@ καR X fπ] ΒΑΓ τa fπ] Γ∆Β Jση. (angle) ABD is thus equal to the whole (angle) ACD.

Τ[ν {ρα παραλληλογράµµων χωρίων α^ Cπεναντίον And BAC was also shown (to be) equal to CDB.
πλευραί τε καR γωνίαι Jσαι Cλλήλαις εkσίν. Thus, for parallelogrammic figures, the opposite sides

Λέγω δή, eτι καR X διάµετρος α:τ` δίχα τέµνει. 4πεR and angles are equal to one another.
γ`ρ Jση 4στRν X ΑΒ τa Γ∆, κοιν> δ@ X ΒΓ, δύο δ> α^ And, I also say that a diagonal cuts them in half. For
ΑΒ, ΒΓ δυσR τα1ς Γ∆, ΒΓ Jσαι εkσRν Nκατέρα Nκατέρ�· since AB is equal to CD, and BC (is) common, the two
καR γωνία X fπ] ΑΒΓ γωνί� τa fπ] ΒΓ∆ Jση. καR βάσις (straight-lines) AB, BC are equal to the two (straight-

{ρα X ΑΓ τa ∆Β Jση. καR τ] ΑΒΓ [{ρα] τρίγωνον τy lines) DC, CB†, respectively. And angle ABC is equal
ΒΓ∆ τριγώνY Jσον 4στίν. to angle BCD. Thus, the base AC (is) also equal to DB

nΗ {ρα ΒΓ διάµετρος δίχα τέµνει τ] ΑΒΓ∆ παραλ- [Prop. 1.4]. Also, triangle ABC is equal to triangle BCD
ληλόγραµµον· eπερ Sδει δε1ξαι. [Prop. 1.4].
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Thus, the diagonal BC cuts the parallelogram ACDB‡

in half. (Which is) the very thing it was required to show.

† The Greek text has “CD, BC”, which is obviously a mistake.
‡ The Greek text has “ABCD”, which is obviously a mistake.

λε΄. Proposition 35

Τ` παραλληλόγραµµα τ` 4πR τAς α:τAς βάσεως �ντα Parallelograms which are on the same base and be-

καR 4ν τα1ς α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν. tween the same parallels are equal† to one another.

∆

Β Γ

Η

ΕΑ Ζ

B C

D E

G

A F

qΕστω παραλληλόγραµµα τ` ΑΒΓ∆, ΕΒΓΖ 4πR τAς Let ABCD and EBCF be parallelograms on the same
α:τAς βάσεως τAς ΒΓ καR 4ν τα1ς α:τα1ς παραλλήλοις base BC, and between the same parallels AF and BC. I
τα1ς ΑΖ, ΒΓ· λέγω, eτι Jσον 4στR τ] ΑΒΓ∆ τy ΕΒΓΖ say that ABCD is equal to parallelogram EBCF .
παραλληλογράµµY. For since ABCD is a parallelogram, AD is equal to

MΕπεR γ`ρ παραλληλόγραµµόν 4στι τ] ΑΒΓ∆, Jση BC [Prop. 1.34]. So, for the same (reasons), EF is also
4στRν X Α∆ τa ΒΓ. δι` τ` α:τ` δ> καR X ΕΖ τa ΒΓ equal to BC. So AD is also equal to EF . And DE is
4στιν Jση· �στε καR X Α∆ τa ΕΖ 4στιν Jση· καR κοιν> common. Thus, the whole (straight-line) AE is equal to
X ∆Ε· eλη {ρα X ΑΕ eλ� τa ∆Ζ 4στιν Jση. Sστι δ@ the whole (straight-line) DF . And AB is also equal to
καR X ΑΒ τa ∆Γ Jση· δύο δ> α^ ΕΑ, ΑΒ δύο τα1ς DC. So the two (straight-lines) EA, AB are equal to
Ζ∆, ∆Γ Jσαι εkσRν Nκατέρα Nκατέρ�· καR γωνία X fπ] the two (straight-lines) FD, DC, respectively. And angle
Ζ∆Γ γωνί� τa fπ] ΕΑΒ 4στιν Jση X 4κτ]ς τa 4ντός· FDC is equal to angle EAB, the external to the inter-
βάσις {ρα X ΕΒ βάσει τa ΖΓ Jση 4στίν, καR τ] ΕΑΒ nal [Prop. 1.29]. Thus, the base EB is equal to the base
τρίγωνον τy ∆ΖΓ τριγώνY Jσον Sσται· κοιν]ν Cφ�ρήσθω FC, and triangle EAB will be equal to triangle DFC
τ] ∆ΗΕ· λοιπ]ν {ρα τ] ΑΒΗ∆ τραπέζιον λοιπy τy [Prop. 1.4]. Let DGE have been taken away from both.
ΕΗΓΖ τραπεζίY 4στRν Jσον· κοιν]ν προσκείσθω τ] ΗΒΓ Thus, the remaining trapezium ABGD is equal to the re-
τρίγωνον· eλον {ρα τ] ΑΒΓ∆ παραλληλόγραµµον eλY maining trapezium EGCF . Let triangle GBC have been
τy ΕΒΓΖ παραλληλογράµµY Jσον 4στίν. added to both. Thus, the whole parallelogram ABCD is

Τ` {ρα παραλληλόγραµµα τ` 4πR τAς α:τAς βάσεως equal to the whole parallelogram EBCF .
�ντα καR 4ν τα1ς α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν· Thus, parallelograms which are on the same base and
eπερ Sδει δε1ξαι. between the same parallels are equal to one another.

(Which is) the very thing it was required to show.

† Here, for the first time, “equal” means “equal in area”, rather than “congruent”.

λU΄. Proposition 36

Τ` παραλληλόγραµµα τ` 4πR Jσων βάσεων �ντα καR Parallelograms which are on equal bases and between
4ν τα1ς α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν. the same parallels are equal to one another.

qΕστω παραλληλόγραµµα τ` ΑΒΓ∆, ΕΖΗΘ 4πR Let ABCD and EFGH be parallelograms which are
Jσων βάσεων �ντα τ[ν ΒΓ, ΖΗ καR 4ν τα1ς α:τα1ς πα- on the equal bases BC and FG, and (are) between the
ραλλήλοις τα1ς ΑΘ, ΒΗ· λέγω, eτι Jσον 4στR τ] ΑΒΓ∆ same parallels AH and BG. I say that the parallelogram
παραλληλόγραµµον τy ΕΖΗΘ. ABCD is equal to EFGH .
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ΗΓ Ζ

ΘΕΑ ∆

Β G

A D E H

FCB

MΕπεζεύχθωσαν γ`ρ α^ ΒΕ, ΓΘ. καR 4πεR Jση 4στRν For let BE and CH have been joined. And since
X ΒΓ τa ΖΗ, Cλλ` X ΖΗ τa ΕΘ 4στιν Jση, καR X BC and FG are equal, but FG and EH are equal
ΒΓ {ρα τa ΕΘ 4στιν Jση. εkσR δ@ καR παράλληλοι. [Prop. 1.34], BC and EH are thus also equal. And
καR 4πιζευγνύουσιν α:τ`ς α^ ΕΒ, ΘΓ· α^ δ@ τ`ς Jσας they are also parallel, and EB and HC join them. But
τε καR παραλλήλους 4πR τ` α:τ` µέρη 4πιζευγνύουσαι (straight-lines) joining equal and parallel (straight-lines)
Jσαι τε καR παράλληλοί εkσι [καR α^ ΕΒ, ΘΓ {ρα Jσας τέ on the same sides are (themselves) equal and parallel
εkσι καR παράλληλοι]. παραλληλόγραµµον {ρα 4στR τ] [Prop. 1.33] [thus, EB and HC are also equal and par-
ΕΒΓΘ. καί 4στιν Jσον τy ΑΒΓ∆· βάσιν τε γ`ρ α:τy τ>ν allel]. Thus, EBCH is a parallelogram [Prop. 1.34], and
α:τ>ν Sχει τ>ν ΒΓ, καR 4ν τα1ς α:τα1ς παραλλήλοις 4στRν is equal to ABCD. For it has the same base, BC, as
α:τy τα1ς ΒΓ, ΑΘ. δRα τ` α:τ` δ> καR τ] ΕΖΗΘ τy (ABCD), and is between the same parallels, BC and
α:τy τy ΕΒΓΘ 4στιν Jσον· �στε καR τ] ΑΒΓ∆ παραλ- AH , as (ABCD) [Prop. 1.35]. So, for the same (rea-
ληλόγραµµον τy ΕΖΗΘ 4στιν Jσον. sons), EFGH is also equal to the same (parallelogram)

Τ` {ρα παραλληλόγραµµα τ` 4πR Jσων βάσεων �ντα EBCH [Prop. 1.34]. So that the parallelogram ABCD
καR 4ν τα1ς α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν· eπερ is also equal to EFGH .
Sδει δε1ξαι. Thus, parallelograms which are on equal bases and

between the same parallels are equal to one another.
(Which is) the very thing it was required to show.

λζ΄. Proposition 37

Τ` τρίγωνα τ` 4πR τAς α:τAς βάσεως �ντα καR 4ν τα1ς Triangles which are on the same base and between
α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν. the same parallels are equal to one another.

Α ∆

Γ

Ε Ζ

Β

A
E

D

C

F

B

qΕστω τρίγωνα τ` ΑΒΓ, ∆ΒΓ 4πR τAς α:τAς βάσεως Let ABC and DBC be triangles on the same base BC,
τAς ΒΓ καR 4ν τα1ς α:τα1ς παραλλήλοις τα1ς Α∆, ΒΓ· and between the same parallels AD and BC. I say that
λέγω, eτι Jσον 4στR τ] ΑΒΓ τρίγωνον τy ∆ΒΓ τριγώνY. triangle ABC is equal to triangle DBC.

MΕκβεβλήσθω X Α∆ 4φM Nκάτερα τ` µέρη 4πR τ` Ε, Let AD have been produced in each direction to E
Ζ, καR δι` µ@ν τοj Β τa ΓΑ παράλληλος gχθω X ΒΕ, and F , and let the (straight-line) BE have been drawn
δRα δ@ τοj Γ τa Β∆ παράλληλος gχθω X ΓΖ. παραλ- through B parallel to CA [Prop. 1.31], and let the
ληλόγραµµον {ρα 4στRν Nκάτερον τ[ν ΕΒΓΑ, ∆ΒΓΖ· (straight-line) CF have been drawn through C parallel
καί εkσιν Jσα· 4πί τε γ`ρ τAς α:τAς βάσεώς εkσι τAς ΒΓ to BD [Prop. 1.31]. Thus, EBCA and DBCF are both
καR 4ν τα1ς α:τα1ς παραλλήλοις τα1ς ΒΓ, ΕΖ· καί 4στι τοj parallelograms, and are equal. For they are on the same
µ@ν ΕΒΓΑ παραλληλογράµµου Hµισυ τ] ΑΒΓ τρίγωνον· base BC, and between the same parallels BC and EF
X γ`ρ ΑΒ διάµετρος α:τ] δίχα τέµνει· τοj δ@ ∆ΒΓΖ [Prop. 1.35]. And the triangle ABC is half of the paral-
παραλληλογράµµου Hµισυ τ] ∆ΒΓ τρίγωνον· X γ`ρ ∆Γ lelogram EBCA. For the diagonal AB cuts the latter in

38



ΣΤΟΙΧΕΙΩΝ α΄. ELEMENTS BOOK 1

διάµετρος α:τ] δίχα τέµνει. [τ` δ@ τ[ν Jσων Xµίση Jσα half [Prop. 1.34]. And the triangle DBC (is) half of the
Cλλήλοις 4στίν]. Jσον {ρα 4στR τ] ΑΒΓ τρίγωνον τy parallelogram DBCF . For the diagonal DC cuts the lat-
∆ΒΓ τριγώνY. ter in half [Prop. 1.34]. [And the halves of equal things

Τ` {ρα τρίγωνα τ` 4πR τAς α:τAς βάσεως �ντα καR 4ν are equal to one another.]† Thus, triangle ABC is equal
τα1ς α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν· eπερ Sδει to triangle DBC.
δε1ξαι. Thus, triangles which are on the same base and

between the same parallels are equal to one another.
(Which is) the very thing it was required to show.

† This is an additional common notion.

λη΄. Proposition 38

Τ` τρίγωνα τ` 4πR Jσων βάσεων �ντα καR 4ν τα1ς Triangles which are on equal bases and between the
α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν. same parallels are equal to one another.

ΖΕ

ΑΗ ∆ Θ

Β Γ FE

A DG H

B C

qΕστω τρίγωνα τ` ΑΒΓ, ∆ΕΖ 4πR Jσων βάσεων τ[ν Let ABC and DEF be triangles on the equal bases
ΒΓ, ΕΖ καR 4ν τα1ς α:τα1ς παραλλήλοις τα1ς ΒΖ, Α∆· BC and EF , and between the same parallels BF and
λέγω, eτι Jσον 4στR τ] ΑΒΓ τρίγωνον τy ∆ΕΖ τριγώνY. AD. I say that triangle ABC is equal to triangle DEF .

MΕκβεβλήσθω γ`ρ X Α∆ 4φM Nκάτερα τ` µέρη 4πR τ` For let AD have been produced in each direction
Η, Θ, καR δι` µ@ν τοj Β τa ΓΑ παράλληλος gχθω X ΒΗ, to G and H , and let the (straight-line) BG have been
δRα δ@ τοj Ζ τa ∆Ε παράλληλος gχθω X ΖΘ. παραλ- drawn through B parallel to CA [Prop. 1.31], and let the
ληλόγραµµον {ρα 4στRν Nκάτερον τ[ν ΗΒΓΑ, ∆ΕΖΘ· (straight-line) FH have been drawn through F parallel
καR Jσον τ] ΗΒΓΑ τy ∆ΕΖΘ· 4πί τε γ`ρ Jσων βάσεών to DE [Prop. 1.31]. Thus, GBCA and DEFH are each
εkσι τ[ν ΒΓ, ΕΖ καR 4ν τα1ς α:τα1ς παραλλήλοις τα1ς parallelograms. And GBCA is equal to DEFH . For they
ΒΖ, ΗΘ· και΄ 4στι τοj µ@ν ΗΒΓΑ παραλληλογράµµου are on the equal bases BC and EF , and between the
Hµισυ τ] ΑΒΓ τρίγωνον. X γ`ρ ΑΒ διάµετρος α:τ] same parallels BF and GH [Prop. 1.36]. And triangle
δίχα τέµνει· τοj δ@ ∆ΕΖΘ παραλληλογράµµου Hµισυ τ] ABC is half of the parallelogram GBCA. For the diago-
ΖΕ∆ τρίγωνον· X γ`ρ ∆Ζ δίαµετρος α:τ] δίχα τέµνει nal AB cuts the latter in half [Prop. 1.34]. And triangle
[τ` δ@ τ[ν Jσων Xµίση Jσα Cλλήλοις 4στίν]. Jσον {ρα 4στR FED (is) half of parallelogram DEFH . For the diagonal
τ] ΑΒΓ τρίγωνον τy ∆ΕΖ τριγώνY. DF cuts the latter in half. [And the halves of equal things

Τ` {ρα τρίγωνα τ` 4πR Jσων βάσεων �ντα καR 4ν τα1ς are equal to one another]. Thus, triangle ABC is equal
α:τα1ς παραλλήλοις Jσα Cλλήλοις 4στίν· eπερ Sδει δε1ξαι. to triangle DEF .

Thus, triangles which are on equal bases and between
the same parallels are equal to one another. (Which is)
the very thing it was required to show.

λθ΄. Proposition 39

Τ` Jσα τρίγωνα τ` 4πR τAς α:τAς βάσεως �ντα καR Equal triangles which are on the same base, and on
4πR τ` α:τ` µέρη καR 4ν τα1ς α:τα1ς παραλλήλοις 4στίν. the same side, are also between the same parallels.

qΕστω Jσα τρίγωνα τ` ΑΒΓ, ∆ΒΓ 4πR τAς α:τAς Let ABC and DBC be equal triangles which are on
βάσεως �ντα καR 4πR τ` α:τ` µέρη τAς ΒΓ· λέγω, eτι the same base BC, and on the same side. I say that they
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καR 4ν τα1ς α:τα1ς παραλλήλοις 4στίν. are also between the same parallels.

Α

Β Γ

Ε

∆

E

A

B

D

C
MΕπεζεύχθω γ`ρ X Α∆· λέγω, eτι παράλληλός 4στιν For let AD have been joined. I say that AD and AC

X Α∆ τa ΒΓ. are parallel.
Εk γ`ρ µή, gχθω δι` τοj Α σηµείου τa ΒΓ ε:θεί� For, if not, let AE have been drawn through point A

παράλληλος X ΑΕ, καR 4πεζεύχθω X ΕΓ. Jσον {ρα 4στR parallel to the straight-line BC [Prop. 1.31], and let EC
τ] ΑΒΓ τρίγωνον τy ΕΒΓ τριγώνY· 4πί τε γ`ρ τAς have been joined. Thus, triangle ABC is equal to triangle
α:τAς βάσεώς 4στιν α:τy τAς ΒΓ καR 4ν τα1ς α:τα1ς πα- EBC. For it is on the same base as it, BC, and between
ραλλήλοις. Cλλ` τ] ΑΒΓ τy ∆ΒΓ 4στιν Jσον· καR τ] the same parallels [Prop. 1.37]. But ABC is equal to
∆ΒΓ {ρα τy ΕΒΓ Jσον 4στR τ] µε1ζον τy 4λάσσονι· DBC. Thus, DBC is also equal to EBC, the greater to
eπερ 4στRν Cδύνατον· ο:κ {ρα παράλληλός 4στιν X ΑΕ the lesser. The very thing is impossible. Thus, AE is not
τa ΒΓ. �µοίως δ> δείξοµεν, eτι ο:δM {λλη τις πλ>ν τAς parallel to BC. Similarly, we can show that neither (is)
Α∆· X Α∆ {ρα τa ΒΓ 4στι παράλληλος. any other (straight-line) than AD. Thus, AD is parallel

Τ` {ρα Jσα τρίγωνα τ` 4πR τAς α:τAς βάσεως �ντα to BC.
καR 4πR τ` α:τ` µέρη καR 4ν τα1ς α:τα1ς παραλλήλοις Thus, equal triangles which are on the same base, and
4στίν· eπερ Sδει δε1ξαι. on the same side, are also between the same parallels.

(Which is) the very thing it was required to show.

µ΄. Proposition 40†

Τ` Jσα τρίγωνα τ` 4πR Jσων βάσεων �ντα καR 4πR τ` Equal triangles which are on equal bases, and on the
α:τ` µέρη καR 4ν τα1ς α:τα1ς παραλλήλοις 4στίν. same side, are also between the same parallels.

Ζ

Α ∆

Β ΕΓ

F

A

C

D

EB

qΕστω Jσα τρίγωνα τ` ΑΒΓ, Γ∆Ε 4πR Jσων βάσεων Let ABC and CDE be equal triangles on the equal
τ[ν ΒΓ, ΓΕ καR 4πR τ` α:τ` µέρη. λέγω, eτι καR 4ν τα1ς bases BC and CE (respectively), and on the same side. I
α:τα1ς παραλλήλοις 4στίν. say that they are also between the same parallels.

MΕπεζεύχθω γ`ρ X Α∆· λέγω, eτι παράλληλός 4στιν For let AD have been joined. I say that AD is parallel
X Α∆ τa ΒΕ. to BE.

Εk γ`ρ µή, gχθω δι` τοj Α τa ΒΕ παράλληλος For if not, let AF have been drawn through A parallel
X ΑΖ, καR 4πεζεύχθω X ΖΕ. Jσον {ρα 4στR τ] ΑΒΓ to BE [Prop. 1.31], and let FE have been joined. Thus,
τρίγωνον τy ΖΓΕ τριγώνY· 4πί τε γ`ρ Jσων βάσεών triangle ABC is equal to triangle FCE. For they are on
εkσι τ[ν ΒΓ, ΓΕ καR 4ν τα1ς α:τα1ς παραλλήλοις τα1ς equal bases, BC and CE, and between the same paral-
ΒΕ, ΑΖ. Cλλ` τ] ΑΒΓ τρίγωνον Jσον 4στR τy ∆ΓΕ lels, BE and AF [Prop. 1.38]. But, triangle ABC is equal
[τρίγωνY]· καR τ] ∆ΓΕ {ρα [τρίγωνον] Jσον 4στR τy ΖΓΕ to [triangle] DCE. Thus, [triangle] DCE is also equal to
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τριγώνY τ] µε1ζον τy 4λάσσονι· eπερ 4στRν Cδύνατον· triangle FCE, the greater to the lesser. The very thing is
ο:κ {ρα παράλληλος X ΑΖ τa ΒΕ. �µοίως δ> δείξοµεν, impossible. Thus, AF is not parallel to BE. Similarly, we
eτι ο:δM {λλη τις πλ>ν τAς Α∆· X Α∆ {ρα τa ΒΕ 4στι can show that neither (is) any other (straight-line) than
παράλληλος. AD. Thus, AD is parallel to BE.

Τ` {ρα Jσα τρίγωνα τ` 4πR Jσων βάσεων �ντα καR 4πR Thus, equal triangles which are on equal bases, and
τ` α:τ` µέρη καR 4ν τα1ς α:τα1ς παραλλήλοις 4στίν· eπερ on the same side, are also between the same parallels.
Sδει δε1ξαι. (Which is) the very thing it was required to show.

† This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text.

µα΄. Proposition 41

MΕ`ν παραλληλόγραµµον τριγώνY βάσιν τε Sχ� τ>ν If a parallelogram has the same base as a triangle, and
α:τ>ν καR 4ν τα1ς α:τα1ς παραλλήλοις �, διπλάσιόν 4στί is between the same parallels, then the parallelogram is
τ] παραλληλόγραµµον τοj τριγώνου. double (the area) of the triangle.
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Γ B

A D E

C

Παραλληλόγραµµον γ`ρ τ] ΑΒΓ∆ τριγώνY τy ΕΒΓ For let parallelogram ABCD have the same base BC
βάσιν τε 4χέτω τ>ν α:τ>ν τ>ν ΒΓ καR 4ν τα1ς α:τα1ς as triangle EBC, and let it be between the same parallels,
παραλλήλοις Sστω τα1ς ΒΓ, ΑΕ· λέγω, eτι διπλάσιόν BC and AE. I say that parallelogram ABCD is double
4στι τ] ΑΒΓ∆ παραλληλόγραµµον τοj ΒΕΓ τριγώνου. (the area) of triangle BEC.

MΕπεζεύχθω γ`ρ X ΑΓ. Jσον δή 4στι τ] ΑΒΓ For let AC have been joined. So triangle ABC is equal
τρίγωνον τy ΕΒΓ τριγώνY· 4πί τε γ`ρ τAς α:τAς βάσεώς to triangle EBC. For it is on the same base, BC, as
4στιν α:τy τAς ΒΓ καR 4ν τα1ς α:τα1ς παραλλήλοις τα1ς (EBC), and between the same parallels, BC and AE
ΒΓ, ΑΕ. Cλλ` τ] ΑΒΓ∆ παραλληλόγραµµον διπλάσιόν [Prop. 1.37]. But, parallelogram ABCD is double (the
Sστι τοj ΑΒΓ τριγώνου· X γ`ρ ΑΓ διάµετρος α:τ] δίχα area) of triangle ABC. For the diagonal AC cuts the for-
τέµνει· �στε τ] ΑΒΓ∆ παραλληλόγραµµον καR τοj ΕΒΓ mer in half [Prop. 1.34]. So parallelogram ABCD is also
τριγώνου 4στR διπλάσιον. double (the area) of triangle EBC.

MΕ`ν {ρα παραλληλόγραµµον τριγώνY βάσιν τε Sχ� Thus, if a parallelogram has the same base as a trian-
τ>ν α:τ>ν καR 4ν τα1ς α:τα1ς παραλλήλοις �, διπλάσιόν gle, and is between the same parallels, then the parallel-
4στί τ] παραλληλόγραµµον τοj τριγώνου· eπερ Sδει ogram is double (the area) of the triangle. (Which is) the
δε1ξαι. very thing it was required to show.

µβ΄. Proposition 42

Τy δοθέντι τριγώνY Jσον παραλληλόγραµµον συστή- To construct a parallelogram equal to a given triangle
σασθαι 4ν τa δοθείσ� γωνί� ε:θυγράµµY. in a given rectilinear angle.

qΕστω τ] µ@ν δοθ@ν τρίγωνον τ] ΑΒΓ, X δ@ δοθε1σα Let ABC be the given triangle, and D the given recti-
γωνία ε:θύγραµµος X ∆· δε1 δ> τy ΑΒΓ τριγώνY linear angle. So it is required to construct a parallelogram
Jσον παραλληλόγραµµον συστήσασθαι 4ν τa ∆ γωνί� equal to triangle ABC in the rectilinear angle D.
ε:θυγράµµY.
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Τετµήσθω X ΒΓ δίχα κατ` τ] Ε, καR 4πεζεύχθω X Let BC have been cut in half at E [Prop. 1.10], and
ΑΕ, καR συνεστάτω πρ]ς τa ΕΓ ε:θεί� καR τy πρ]ς let AE have been joined. And let (angle) CEF , equal to
α:τ� σηµείY τy Ε τa ∆ γωνί� Jση X fπ] ΓΕΖ, καR δι` angle D, have been constructed at the point E on the
µ@ν τοj Α τa ΕΓ παράλληλος gχθω X ΑΗ, δι` δ@ τοj straight-line EC [Prop. 1.23]. And let AG have been
Γ τa ΕΖ παράλληλος gχθω X ΓΗ· παραλληλόγραµµον drawn through A parallel to EC [Prop. 1.31], and let CG
{ρα 4στR τ] ΖΕΓΗ. καR 4πεR Jση 4στRν X ΒΕ τa ΕΓ, have been drawn through C parallel to EF [Prop. 1.31].
Jσον 4στR καR τ] ΑΒΕ τρίγωνον τy ΑΕΓ τριγώνY· 4πί Thus, FECG is a parallelogram. And since BE is equal
τε γ`ρ Jσων βάσεών εkσι τ[ν ΒΕ, ΕΓ καR 4ν τα1ς α:τα1ς to EC, triangle ABE is also equal to triangle AEC. For
παραλλήλοις τα1ς ΒΓ, ΑΗ· διπλάσιον {ρα 4στR τ] ΑΒΓ they are on the equal bases, BE and EC, and between
τρίγωνον τοj ΑΕΓ τριγώνου. Sστι δ@ καR τ] ΖΕΓΗ πα- the same parallels, BC and AG [Prop. 1.38]. Thus, tri-
ραλληλόγραµµον διπλάσιον τοj ΑΕΓ τριγώνου· βάσιν angle ABC is double (the area) of triangle AEC. And
τε γ`ρ α:τy τ>ν α:τ>ν Sχει καR 4ν τα1ς α:τα1ς 4στιν parallelogram FECG is also double (the area) of triangle
α:τY παραλλήλοις· Jσον {ρα 4στR τ] ΖΕΓΗ παραλ- AEC. For it has the same base as (AEC), and is between
ληλόγραµµον τy ΑΒΓ τριγώνY. καR Sχει τ>ν fπ] ΓΕΖ the same parallels as (AEC) [Prop. 1.41]. Thus, paral-
γωνίαν Jσην τa δοθείσ� τa ∆. lelogram FECG is equal to triangle ABC. (FECG) also

Τy {ρα δοθέντι τριγώνY τy ΑΒΓ Jσον παραλληλό- has the angle CEF equal to the given (angle) D.
γραµµον συνέσταται τ] ΖΕΓΗ 4ν γωνί� τa fπ] ΓΕΖ, Thus, parallelogram FECG, equal to the given trian-
Hτις 4στRν Jση τa ∆· eπερ Sδει ποιAσαι. gle ABC, has been constructed in the angle CEF , which

is equal to D. (Which is) the very thing it was required
to do.

µγ΄. Proposition 43

Παντ]ς παραλληλογράµµου τ[ν περR τ>ν διάµετρον For any parallelogram, the complements of the paral-
παραλληλογράµµων τ` παραπληρώµατα Jσα Cλλήλοις lelograms about the diagonal are equal to one another.
4στίν. Let ABCD be a parallelogram, and AC its diagonal.

qΕστω παραλληλόγραµµον τ] ΑΒΓ∆, διάµετρος δ@ And let EH and FG be the parallelograms about AC, and
α:τοj X ΑΓ, περR δ@ τ>ν ΑΓ παραλληλόγραµµα µ@ν BK and KD the so-called complements (about AC). I
Sστω τ` ΕΘ, ΖΗ, τ` δ@ λεγόµενα παραπληρώµατα τ` say that the complement BK is equal to the complement
ΒΚ, Κ∆· λέγω, eτι Jσον 4στR τ] ΒΚ παραπλήρωµα τy KD.
Κ∆ παραπληρώµατι. For since ABCD is a parallelogram, and AC its diago-

MΕπεR γ`ρ παραλληλόγραµµόν 4στι τ] ΑΒΓ∆, nal, triangle ABC is equal to triangle ACD [Prop. 1.34].
διάµετρος δ@ α:τοj X ΑΓ, Jσον 4στR τ] ΑΒΓ τρίγωνον Again, since EH is a parallelogram, and AK is its diago-
τy ΑΓ∆ τριγώνY. πάλιν, 4πεR παραλληλόγραµµόν 4στι nal, triangle AEK is equal to triangle AHK [Prop. 1.34].
τ] ΕΘ, διάµετρος δ@ α:τοj 4στιν X ΑΚ, Jσον 4στR τ] So, for the same (reasons), triangle KFC is also equal to
ΑΕΚ τρίγωνον τy ΑΘΚ τριγώνY. δι` τ` α:τ` δ> καR (triangle) KGC. Therefore, since triangle AEK is equal
τ] ΚΖΓ τρίγωνον τy ΚΗΓ 4στιν Jσον. 4πεR οzν τ] to triangle AHK, and KFC to KGC, triangle AEK plus
µ@ν ΑΕΚ τρίγωνον τy ΑΘΚ τριγώνY 4στRν Jσον, τ] δ@ KGC is equal to triangle AHK plus KFC. And the
ΚΖΓ τy ΚΗΓ, τ] ΑΕΚ τρίγωνον µετ` τοj ΚΗΓ Jσον whole triangle ABC is also equal to the whole (triangle)
4στR τy ΑΘΚ τριγώνY µετ` τοj ΚΖΓ· Sστι δ@ καR eλον ADC. Thus, the remaining complement BK is equal to
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τ] ΑΒΓ τρίγωνον eλY τy Α∆Γ Jσον· λοιπ]ν {ρα τ] ΒΚ the remaining complement KD.
παραπλήρωµα λοιπy τy Κ∆ παραπληρώµατί 4στιν Jσον.
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Παντ]ς {ρα παραλληλογράµµου χωρίου τ[ν περR Thus, for any parallelogramic figure, the comple-
τ>ν διάµετρον παραλληλογράµµων τ` παραπληρώµατα ments of the parallelograms about the diagonal are equal
Jσα Cλλήλοις 4στίν· eπερ Sδει δε1ξαι. to one another. (Which is) the very thing it was required

to show.

µδ΄. Proposition 44

Παρ` τ>ν δοθε1σαν ε:θε1αν τy δοθέντι τριγώνY Jσον To apply a parallelogram equal to a given triangle to
παραλληλόγραµµον παραβαλε1ν 4ν τa δοθείσ� γωνί� a given straight-line in a given rectilinear angle.
ε:θυγράµµY.
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qΕστω X µ@ν δοθε1σα ε:θε1α X ΑΒ, τ] δ@ δοθ@ν Let AB be the given straight-line, C the given trian-
τρίγωνον τ] Γ, X δ@ δοθε1σα γωνία ε:θύγραµµος X ∆· gle, and D the given rectilinear angle. So it is required
δε1 δ> παρ` τ>ν δοθε1σαν ε:θε1αν τ>ν ΑΒ τy δοθέντι to apply a parallelogram equal to the given triangle C to
τριγώνY τy Γ Jσον παραλληλόγραµµον παραβαλείν 4ν the given straight-line AB in an angle equal to D.
Jσ� τa ∆ γωνί�. Let the parallelogram BEFG, equal to the triangle C,

Συνεστάτω τy Γ τριγώνY Jσον παραλληλόγραµµον have been constructed in the angle EBG, which is equal
τ] ΒΕΖΗ 4ν γωνί� τa fπ] ΕΒΗ, H 4στιν Jση τa ∆· to D [Prop. 1.42]. And let it have been placed so that

καR κείσθω �στε 4πM ε:θείας ε|ναι τ>ν ΒΕ τa ΑΒ, καR BE is straight-on to AB.† And let FG have been drawn
διήχθω X ΖΗ 4πR τ] Θ, καR δι` τοj Α �ποτέρ� τ[ν through to H , and let AH have been drawn through A
ΒΗ, ΕΖ παράλληλος gχθω X ΑΘ, καR 4πεζεύχθω X parallel to either of BG or EF [Prop. 1.31], and let HB
ΘΒ. καR 4πεR εkς παραλλήλους τ`ς ΑΘ, ΕΖ ε:θε1α have been joined. And since the straight-line HF falls
4νέπεσεν X ΘΖ, α^ {ρα fπ] ΑΘΖ, ΘΖΕ γωνίαι δυσRν across the parallel-lines AH and EF , the (sum of the)
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bρθα1ς εkσιν Jσαι. α^ {ρα fπ] ΒΘΗ, ΗΖΕ δύο bρθ[ν angles AHF and HFE is thus equal to two right-angles
4λάσσονές εkσιν· α^ δ@ Cπ] 4λασσόνων p δύο bρθ[ν [Prop. 1.29]. Thus, (the sum of) BHG and GFE is less
εkς {πειρον 4κβαλλόµεναι συµπίπτουσιν· α^ ΘΒ, ΖΕ than two right-angles. And (straight-lines) produced to
{ρα 4κβαλλόµεναι συµπεσοjνται. 4κβεβλήσθωσαν καR infinity from (internal angles whose sum is) less than two
συµπιπτέτωσαν κατ` τ] Κ, καR δι` τοj Κ σηµείου right-angles meet together [Post. 5]. Thus, being pro-
�ποτέρ� τ[ν ΕΑ, ΖΘ παράλληλος gχθω X ΚΛ, καR duced, HB and FE will meet together. Let them have
4κβεβλήσθωσαν α^ ΘΑ, ΗΒ 4πR τ` Λ, Μ σηµε1α. πα- been produced, and let them meet together at K. And let
ραλληλόγραµµον {ρα 4στR τ] ΘΛΚΖ, διάµετρος δ@ KL have been drawn through point K parallel to either
α:τοj X ΘΚ, περR δ@ τ>ν ΘΚ παραλληλόγραµµα µ@ν τ` of EA or FH [Prop. 1.31]. And let HA and GB have
ΑΗ, ΜΕ, τ` δ@ λεγόµενα παραπληρώµατα τ` ΛΒ, ΒΖ· been produced to points L and M (respectively). Thus,
Jσον {ρα 4στR τ] ΛΒ τy ΒΖ. Cλλ` τ] ΒΖ τy Γ τριγώνY HLKF is a parallelogram, and HK its diagonal. And
4στRν Jσον· καR τ] ΛΒ {ρα τy Γ 4στιν Jσον. καR 4πεR Jση AG and ME (are) parallelograms, and LB and BF the
4στRν X fπ] ΗΒΕ γωνία τa fπ] ΑΒΜ, Cλλ` X fπ] ΗΒΕ so-called complements, about HK. Thus, LB is equal to
τa ∆ 4στιν Jση, καR X fπ] ΑΒΜ {ρα τa ∆ γωνί� 4στRν BF [Prop. 1.43]. But, BF is equal to triangle C. Thus,
Jση. LB is also equal to C. Also, since angle GBE is equal to

Παρ` τ>ν δοθε1σαν {ρα ε:θε1αν τ>ν ΑΒ τy δοθέντι ABM [Prop. 1.15], but GBE is equal to D, ABM is thus
τριγώνY τy Γ Jσον παραλληλόγραµµον παραβέβληται also equal to angle D.
τ] ΛΒ 4ν γωνί� τa fπ] ΑΒΜ, H 4στιν Jση τa ∆· eπερ Thus, the parallelogram LB, equal to the given trian-
Sδει ποιAσαι. gle C, has been applied to the given straight-line AB in

the angle ABM , which is equal to D. (Which is) the very
thing it was required to do.

† This can be achieved using Props. 1.3, 1.23, and 1.31.

µε΄. Proposition 45

Τ� δοθέντι ε:θυγράµµY Jσον παραλληλόγραµµον To construct a parallelogram equal to a given rectilin-
συστήσασθαι 4ν τa δοθείσ� γωνί� ε:θυγράµµY. ear figure in a given rectilinear angle.
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qΕστω τ] µ@ν δοθ@ν ε:θύγραµµον τ] ΑΒΓ∆, X δ@ Let ABCD be the given rectilinear figure,† and E the
δοθε1σα γωνία ε:θύγραµµος X Ε· δε1 δ> τy ΑΒΓ∆ given rectilinear angle. So it is required to construct a
ε:θυγράµµY Jσον παραλληλόγραµµον συστήσασθαι 4ν parallelogram equal to the rectilinear figure ABCD in
τa δοθείσ� γωνί� τa Ε. the given angle E.

MΕπεζεύχθω X ∆Β, καR συνεστάτω τy ΑΒ∆ τριγώνY Let DB have been joined, and let the parallelogram
Jσον παραλληλόγραµµον τ] ΖΘ 4ν τa fπ] ΘΚΖ γωνί�, FH , equal to the triangle ABD, have been constructed in
H 4στιν Jση τa Ε· καR παραβεβλήσθω παρ` τ>ν ΗΘ the angle HKF , which is equal to E [Prop. 1.42]. And let
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ε:θε1αν τy ∆ΒΓ τριγώνY Jσον παραλληλόγραµµον τ] the parallelogram GM , equal to the triangle DBC, have
ΗΜ 4ν τa fπ] ΗΘΜ γωνί�, H 4στιν Jση τa Ε. καR 4πεR been applied to the straight-line GH in the angle GHM ,
X Ε γωνία Nκατέρ� τ[ν fπ] ΘΚΖ, ΗΘΜ 4στιν Jση, which is equal to E [Prop. 1.44]. And since angle E is
καR X fπ] ΘΚΖ {ρα τa fπ] ΗΘΜ 4στιν Jση. κοιν> equal to each of (angles) HKF and GHM , (angle) HKF
προσκείσθω X fπ] ΚΘΗ· α^ {ρα fπ] ΖΚΘ, ΚΘΗ τα1ς is thus also equal to GHM . Let KHG have been added to
fπ] ΚΘΗ, ΗΘΜ Jσαι εkσίν. CλλM α^ fπ] ΖΚΘ, ΚΘΗ both. Thus, (the sum of) FKH and KHG is equal to (the
δυσRν bρθα1ς Jσαι εkσίν· καR α^ fπ] ΚΘΗ, ΗΘΜ {ρα sum of) KHG and GHM . But, (the sum of) FKH and
δύο bρθα1ς Jσας εkσίν. πρ]ς δή τινι ε:θε1� τa ΗΘ KHG is equal to two right-angles [Prop. 1.29]. Thus,
καR τy πρ]ς α:τa σηµείY τy Θ δύο ε:θε1αι α^ ΚΘ, (the sum of) KHG and GHM is also equal to two right-
ΘΜ µ> 4πR τ` α:τ` µέρη κείµεναι τ`ς 4φεξAς γωνίας angles. So two straight-lines, KH and HM , not lying
δύο bρθα1ς Jσας ποιοjσιν· 4πM ε:θείας {ρα 4στRν X ΚΘ on the same side, make the (sum of the) adjacent angles
τa ΘΜ· καR 4πεR εkς παραλλήλους τ`ς ΚΜ, ΖΗ ε:θε1α equal to two right-angles at the point H on some straight-
4νέπεσεν X ΘΗ, α^ 4ναλλ`ξ γωνίαι α^ fπ] ΜΘΗ, ΘΗΖ line GH . Thus, KH is straight-on to HM [Prop. 1.14].
Jσαι Cλλήλαις εkσίν. κοιν> προσκείσθω X fπ] ΘΗΛ· α^ And since the straight-line HG falls across the parallel-
{ρα fπ] ΜΘΗ, ΘΗΛ τα1ς fπ] ΘΗΖ, ΘΗΛ Jσαι εkσιν. lines KM and FG, the alternate angles MHG and HGF
CλλM α^ fπ] ΜΘΗ, ΘΗΛ δύο bρθα1ς Jσαι εkσίν· καR α^ are equal to one another [Prop. 1.29]. Let HGL have
fπ] ΘΗΖ, ΘΗΛ {ρα δύο bρθα1ς Jσαι εkσίν· 4πM ε:θείας been added to both. Thus, (the sum of) MHG and HGL
{ρα 4στRν X ΖΗ τa ΗΛ. καR 4πεR X ΖΚ τa ΘΗ Jση τε is equal to (the sum of) HGF and HGL. But, (the
καR παράλληλός 4στιν, Cλλ` καR X ΘΗ τa ΜΛ, καR X sum of) MHG and HGL is equal to two right-angles
ΚΖ {ρα τa ΜΛ Jση τε καR παράλληλός 4στιν· καR 4πι- [Prop. 1.29]. Thus, (the sum of) HGF and HGL is also
ζευγνύουσιν α:τ`ς ε:θε1αι α^ ΚΜ, ΖΛ· καR α^ ΚΜ, ΖΛ equal to two right-angles. Thus, FG is straight-on to GL
{ρα Jσαι τε καR παράλληλοί εkσιν· παραλληλόγραµµον [Prop. 1.14]. And since FK is equal and parallel to HG
{ρα 4στR τ] ΚΖΛΜ. καR 4πεR Jσον 4στR τ] µ@ν ΑΒ∆ [Prop. 1.34], but also HG to ML [Prop. 1.34], KF is
τρίγωνον τy ΖΘ παραλληλογράµµY, τ] δ@ ∆ΒΓ τy thus also equal and parallel to ML [Prop. 1.30]. And
ΗΜ, eλον {ρα τ] ΑΒΓ∆ ε:θύγραµµον eλY τy ΚΖΛΜ the straight-lines KM and FL join them. Thus, KM and
παραλληλογράµµY 4στRν Jσον. FL are equal and parallel as well [Prop. 1.33]. Thus,

Τy {ρα δοθέντι ε:θυγράµµY τy ΑΒΓ∆ Jσον παραλ- KFLM is a parallelogram. And since triangle ABD is
ληλόγραµµον συνέσταται τ] ΚΖΛΜ 4ν γωνί� τa fπ] equal to parallelogram FH , and DBC to GM , the whole
ΖΚΜ, H 4στιν Jση τa δοθείσ� τa Ε· eπερ Sδει ποιAσαι. rectilinear figure ABCD is thus equal to the whole par-

allelogram KFLM .
Thus, the parallelogram KFLM , equal to the given

rectilinear figure ABCD, has been constructed in the an-
gle FKM , which is equal to the given (angle) E. (Which
is) the very thing it was required to do.

† The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial.

µU΄. Proposition 46

MΑπb τAς δοθείσης ε:θείας τετράγωνον Cναγράψαι. To describe a square on a given straight-line.
qΕστω X δοθε1σα ε:θε1α X ΑΒ· δε1 δ> Cπ] τAς ΑΒ Let AB be the given straight-line. So it is required to

ε:θείας τετράγωνον Cναγράψαι. describe a square on the straight-line AB.
qΗχθω τa ΑΒ ε:θεί� Cπ] τοj πρ]ς α:τa σηµείου Let AC have been drawn at right-angles to the

τοj Α πρ]ς bρθ`ς X ΑΓ, καR κείσθω τa ΑΒ Jση X Α∆· straight-line AB from the point A on it [Prop. 1.11],
καR δι` µ@ν τοj ∆ σηµείου τa ΑΒ παράλληλος gχθω X and let AD have been made equal to AB [Prop. 1.3].
∆Ε, δι` δ@ τοj Β σηµείου τa Α∆ παράλληλος gχθω X And let DE have been drawn through point D parallel to
ΒΕ. παραλληλόγραµµον {ρα 4στR τ] Α∆ΕΒ· Jση {ρα AB [Prop. 1.31], and let BE have been drawn through
4στRν X µ@ν ΑΒ τa ∆Ε, X δ@ Α∆ τa ΒΕ. Cλλ` X ΑΒ τa point B parallel to AD [Prop. 1.31]. Thus, ADEB is
Α∆ 4στιν Jση· α^ τέσσαρες {ρα α^ ΒΑ, Α∆, ∆Ε, ΕΒ Jσαι a parallelogram. Thus, AB is equal to DE, and AD to
Cλλήλαις εkσίν· kσόπλευρον {ρα 4στR τ] Α∆ΕΒ παραλ- BE [Prop. 1.34]. But, AB is equal to AD. Thus, the
ληλόγραµµον. λέγω δή, eτι καR bρθογώνιον. 4πεR γ`ρ four (sides) BA, AD, DE, and EB are equal to one an-
εkς παραλλήλους τ`ς ΑΒ, ∆Ε ε:θε1α 4νέπεσεν X Α∆, other. Thus, the parallelogram ADEB is equilateral. So
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α^ {ρα fπ] ΒΑ∆, Α∆Ε γωνίαι δύο bρθα1ς Jσαι εkσίν. I say that (it is) also right-angled. For since the straight-
bρθ> δ@ X fπ] ΒΑ∆· bρθ> {ρα καR X fπ] Α∆Ε. τ[ν line AD falls across the parallel-lines AB and DE, the
δ@ παραλληλογράµµων χωρίων α^ Cπεναντίον πλευραί τε (sum of the) angles BAD and ADE is equal to two right-
καR γωνίαι Jσαι Cλλήλαις εkσίν· bρθ> {ρα καR Nκατέρα angles [Prop. 1.29]. But BAD (is a) right-angle. Thus,
τ[ν Cπεναντίον τ[ν fπ] ΑΒΕ, ΒΕ∆ γωνι[ν· bρθογώνιον ADE (is) also a right-angle. And for parallelogrammic
{ρα 4στR τ] Α∆ΕΒ. 4δείχθη δ@ καR kσόπλευρον. figures, the opposite sides and angles are equal to one

another [Prop. 1.34]. Thus, each of the opposite angles
ABE and BED (are) also right-angles. Thus, ADEB is
right-angled. And it was also shown (to be) equilateral.
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Τετράγωνον {ρα 4στίν· καί 4στιν Cπ] τAς ΑΒ ε:θείας Thus, (ADEB) is a square [Def. 1.22]. And it is de-

Cναγεγραµµένον· eπερ Sδει ποιAσαι. scribed on the straight-line AB. (Which is) the very thing
it was required to do.

µζ΄. Proposition 47

MΕν το1ς bρθογωνίοις τριγώνοις τ] Cπ] τAς τ>ν In a right-angled triangle, the square on the side
bρθ>ν γωνίαν fποτεινούσης πλευρiς τετράγωνον Jσον subtending the right-angle is equal to the (sum of the)
4στR το1ς Cπ] τ[ν τ>ν bρθ>ν γωνίαν περιεχουσ[ν squares on the sides surrounding the right-angle.
πλευρ[ν τετραγώνοις. Let ABC be a right-angled triangle having the right-

qΕστω τρίγωνον bρθογώνιον τ] ΑΒΓ bρθ>ν Sχον angle BAC. I say that the square on BC is equal to the
τ>ν fπ] ΒΑΓ γωνίαν· λέγω, eτι τ] Cπ] τAς ΒΓ (sum of the) squares on BA and AC.
τετράγωνον Jσον 4στR το1ς Cπ] τ[ν ΒΑ, ΑΓ τετραγώνοις. For let the square BDEC have been described on

MΑναγεγράφθω γ`ρ Cπ] µ@ν τAς ΒΓ τετράγωνον τ] BC, and (the squares) GB and HC on AB and AC
Β∆ΕΓ, Cπ] δ@ τ[ν ΒΑ, ΑΓ τ` ΗΒ, ΘΓ, καR δι` τοj (respectively) [Prop. 1.46]. And let AL have been
Α �ποτέρ� τ[ν Β∆, ΓΕ παράλληλος gχθω X ΑΛ· καR drawn through point A parallel to either of BD or CE
4πεζεύχθωσαν α^ Α∆, ΖΓ. καR 4πεR bρθή 4στιν Nκατέρα [Prop. 1.31]. And let AD and FC have been joined. And
τ[ν fπ] ΒΑΓ, ΒΑΗ γωνι[ν, πρ]ς δή τινι ε:θεί� τa ΒΑ since angles BAC and BAG are each right-angles, then
καR τy πρ]ς α:τa σηµείY τy Α δύο ε:θε1αι α^ ΑΓ, ΑΗ two straight-lines AC and AG, not lying on the same
µ> 4πR τ` α:τ` µέρη κείµεναι τ`ς 4φεξAς γωνίας δυσRν side, make the (sum of the) adjacent angles equal to two
bρθα1ς Jσας ποιοjσιν· 4πM ε:θείας {ρα 4στRν X ΓΑ τa right-angles at the same point A on some straight-line
ΑΗ. δι` τ` α:τ` δ> καR X ΒΑ τa ΑΘ 4στιν 4πM ε:θείας. BA . Thus, CA is straight-on to AG [Prop. 1.14]. So, for
καR 4πεR Jση 4στRν X fπ] ∆ΒΓ γωνία τa fπ] ΖΒΑ· bρθ> the same (reasons), BA is also straight-on to AH . And
γ`ρ Nκατέρα· κοιν> προσκείσθω X fπ] ΑΒΓ· eλη {ρα X since angle DBC is equal to FBA, for (they are) both
fπ] ∆ΒΑ eλ� τa fπ] ΖΒΓ 4στιν Jση. καR 4πεR Jση 4στRν right-angles, let ABC have been added to both. Thus,
X µ@ν ∆Β τa ΒΓ, X δ@ ΖΒ τa ΒΑ, δύο δ> α^ ∆Β, ΒΑ the whole (angle) DBA is equal to the whole (angle)
δύο τα1ς ΖΒ, ΒΓ Jσαι εkσRν Nκατέρα Nκατέρ�· καR γωνία FBC. And since DB is equal to BC, and FB to BA,
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X fπ] ∆ΒΑ γωνί� τa fπ] ΖΒΓ Jση· βάσις {ρα X Α∆ the two (straight-lines) DB, BA are equal to the two

βάσει τa ΖΓ [4στιν] Jση, καR τ] ΑΒ∆ τρίγωνον τy ΖΒΓ (straight-lines) CB, BF ,† respectively. And angle DBA
τριγώνY 4στRν Jσον· καί [4στι] τοj µ@ν ΑΒ∆ τριγώνου (is) equal to angle FBC. Thus, the base AD [is] equal
διπλάσιον τ] ΒΛ παραλληλόγραµµον· βάσιν τε γ`ρ τ>ν to the base FC, and the triangle ABD is equal to the
α:τ>ν Sχουσι τ>ν Β∆ καR 4ν τα1ς α:τα1ς εkσι παραλλήλοις triangle FBC [Prop. 1.4]. And parallelogram BL [is]
τα1ς Β∆, ΑΛ· τοj δ@ ΖΒΓ τριγώνου διπλάσιον τ] ΗΒ double (the area) of triangle ABD. For they have the
τετράγωνον· βάσιν τε γ`ρ πάλιν τ>ν α:τ>ν Sχουσι τ>ν same base, BD, and are between the same parallels, BD
ΖΒ καR 4ν τα1ς α:τα1ς εkσι παραλλήλοις τα1ς ΖΒ, ΗΓ. and AL [Prop. 1.41]. And parallelogram GB is double
[τ` δ@ τ[ν Jσων διπλάσια Jσα Cλλήλοις 4στίν·] Jσον {ρα (the area) of triangle FBC. For again they have the
4στR καR τ] ΒΛ παραλληλόγραµµον τy ΗΒ τετραγώνY. same base, FB, and are between the same parallels, FB
�µοίως δ> 4πιζευγνυµένων τ[ν ΑΕ, ΒΚ δειχθήσεται and GC [Prop. 1.41]. [And the doubles of equal things

καR τ] ΓΛ παραλληλόγραµµον Jσον τy ΘΓ τετραγώνY· are equal to one another.]‡ Thus, the parallelogram BL
eλον {ρα τ] Β∆ΕΓ τετράγωνον δυσR το1ς ΗΒ, ΘΓ τε- is also equal to the square GB. So, similarly, AE and
τραγώνοις Jσον 4στίν. καί 4στι τ] µ@ν Β∆ΕΓ τετράγωνον BK being joined, the parallelogram CL can be shown
Cπ] τAς ΒΓ Cναγραφέν, τ` δ@ ΗΒ, ΘΓ Cπ] τ[ν ΒΑ, (to be) equal to the square HC. Thus, the whole square
ΑΓ. τ] {ρα Cπ] τAς ΒΓ πλευρiς τετράγωνον Jσον 4στR BDEC is equal to the (sum of the) two squares GB and
το1ς Cπ] τ[ν ΒΑ, ΑΓ πλευρ[ν τετραγώνοις. HC. And the square BDEC is described on BC, and

the (squares) GB and HC on BA and AC (respectively).
Thus, the square on the side BC is equal to the (sum of
the) squares on the sides BA and AC.
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MΕν {ρα το1ς bρθογωνίοις τριγώνοις τ] Cπ] τAς Thus, in a right-angled triangle, the square on the
τ>ν bρθ>ν γωνίαν fποτεινούσης πλευρiς τετράγωνον side subtending the right-angle is equal to the (sum of
Jσον 4στR το1ς Cπ] τ[ν τ>ν bρθ>ν [γωνίαν] περιεχουσ[ν the) squares on the sides surrounding the right-[angle].
πλευρ[ν τετραγώνοις· eπερ Sδει δε1ξαι. (Which is) the very thing it was required to show.

† The Greek text has “FB, BC”, which is obviously a mistake.

‡ This is an additional common notion.
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µη΄. Proposition 48

MΕ`ν τριγώνου τ] Cπ] µιiς τ[ν πλευρ[ν τετράγωνον If the square on one of the sides of a triangle is equal
Jσον � το1ς Cπ] τ[ν λοιπ[ν τοj τριγώνου δύο πλευρ[ν to the (sum of the) squares on the remaining sides of the
τετραγώνοις, X περιεχοµένη γωνία fπ] τ[ν λοιπ[ν τοj triangle then the angle contained by the remaining sides
τριγώνου δύο πλευρ[ν bρθή 4στιν. of the triangle is a right-angle.

Α Β

Γ

∆ A BD

C

Τριγώνου γ`ρ τοj ΑΒΓ τ] Cπ] µιiς τAς ΒΓ πλευρiς For let the square on one of the sides, BC, of triangle
τετράγωνον Jσον Sστω το1ς Cπ] τ[ν ΒΑ, ΑΓ πλευρ[ν ABC be equal to the (sum of the) squares on the sides
τετραγώνοις· λέγω, eτι bρθή 4στιν X fπ] ΒΑΓ γωνία. BA and AC. I say that angle BAC is a right-angle.

qΗχθω γ`ρ Cπ] τοj Α σηµείου τa ΑΓ ε:θεί� πρ]ς For let AD have been drawn from point A at right-
bρθ`ς X Α∆ καR κείσθω τa ΒΑ Jση X Α∆, καR 4πεζεύχθω angles to the straight-line AC [Prop. 1.11], and let AD
X ∆Γ. 4πεR Jση 4στRν X ∆Α τa ΑΒ, Jσον 4στR καR τ] Cπ] have been made equal to BA [Prop. 1.3], and let DC
τAς ∆Α τετράγωνον τy Cπ] τAς ΑΒ τετραγώνY. κοιν]ν have been joined. Since DA is equal to AB, the square

προσκείσθω τ] Cπ] τAς ΑΓ τετράγωνον· τ` {ρα Cπ] on DA is thus also equal to the square on AB.† Let the
τ[ν ∆Α, ΑΓ τετράγωνα Jσα 4στR το1ς Cπ] τ[ν ΒΑ, ΑΓ square on AC have been added to both. Thus, the (sum
τετραγώνοις. Cλλ` το1ς µ@ν Cπ] τ[ν ∆Α, ΑΓ Jσον 4στR of the) squares on DA and AC is equal to the (sum
τ] Cπ] τAς ∆Γ· bρθ> γάρ 4στιν X fπ] ∆ΑΓ γωνία· το1ς of the) squares on BA and AC. But, the (sum of the
δ@ Cπ] τ[ν ΒΑ, ΑΓ Jσον 4στR τ] Cπ] τAς ΒΓ· fπόκειται squares) on DA and AC is equal to the (square) on DC.
γάρ· τ] {ρα Cπ] τAς ∆Γ τετράγωνον Jσον 4στR τy Cπ] For angle DAC is a right-angle [Prop. 1.47]. But, the
τAς ΒΓ τετραγώνY· �στε καR πλευρ` X ∆Γ τa ΒΓ 4στιν (sum of the squares) on BA and AC is equal to the
Jση· καR 4πεR Jση 4στRν X ∆Α τa ΑΒ, κοιν> δ@ X ΑΓ, δύο (square) on BC. For (that) was assumed. Thus, the
δ> α^ ∆Α, ΑΓ δύο τα1ς ΒΑ, ΑΓ Jσαι εkσίν· καR βάσις X square on DC is equal to the square on BC. So DC is
∆Γ βάσει τa ΒΓ Jση· γωνία {ρα X fπ] ∆ΑΓ γωνί� τa also equal to BC. And since DA is equal to AB, and AC
fπ] ΒΑΓ [4στιν] Jση. bρθ> δ@ X fπ] ∆ΑΓ· bρθ> {ρα (is) common, the two (straight-lines) DA, AC are equal
καR X fπ] ΒΑΓ. to the two (straight-lines) BA, AC. And the base DC is

MΕ`ν Cρ` τριγώνου τ] Cπ] µιiς τ[ν πλευρ[ν equal to the base BC. Thus, angle DAC [is] equal to
τετράγωνον Jσον � το1ς Cπ] τ[ν λοιπ[ν τοj τριγώνου angle BAC [Prop. 1.8]. But DAC is a right-angle. Thus,
δύο πλευρ[ν τετραγώνοις, X περιεχοµένη γωνία fπ] τ[ν BAC is also a right-angle.
λοιπ[ν τοj τριγώνου δύο πλευρ[ν bρθή 4στιν· eπερ Sδει Thus, if the square on one of the sides of a triangle is
δε1ξαι. equal to the (sum of the) squares on the remaining sides

of the triangle then the angle contained by the remaining
sides of the triangle is a right-angle. (Which is) the very
thing it was required to show.

† Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used.
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ABBREVIATIONS: act - active; adj - adjective; adv - adverb; conj
- conjunction; fut - future; gen - genitive; imperat - imperative;
impf - imperfect; ind - indeclinable; indic - indicative; intr - in-
transitive; mid - middle; neut - neuter; no - noun; par - particle;
part - participle; pass - passive; perf - perfect; pre - preposition;
pres - present; pro - pronoun; sg - singular; tr - transitive; vb -
verb.

{γω, {ξω, gγαγον, -�χα, �γµαι, gχθην : vb, lead, draw (a
line).

Cδύνατος -ον : adj, impossible.

Cεί : adv, always, for ever.

α^ρέω, α^ρήσω, ε[�]λον, �ρηκα, �ρηµαι, �ρέθην : vb, grasp.

Cιτέω, αkτήσω, gτησα, �τηκα, �τηµαι, �τήθη : vb, postulate.

αJτηµα -ατος, τό : no, postulate.

Cκόλουθος -ον : adj, analogous, consequent on, in conformity
with.

{κρος -α -ον : adj, outermost, end, extreme.

Cλλά : conj, but, otherwise.

{λογος -ον : adj, irrational.

�µα : adv, at once, at the same time, together.

Cµβλυγώνιος -ον : adj, obtuse-angled; τ] Cµβλυγώνιον, no,
obtuse angle.

Cµβλύς -ε1α -ύ : adj, obtuse.

Cµφότερος -α -ον : pro, both (of two).

Cναγράφω : vb, describe (a figure); see γράφω.

Cναλογία, X : no, proportion, (geometric) progression.

Cνάλογος -ον : adj, proportional.

Cνάπαλιν : adv, inverse(ly).

αναπληρόω : vb, fill up.

Cναστρέφω : vb, turn upside down, convert (ratio); see στρέφω.

Cναστροφή, X : no, turning upside down, conversion (of ratio).

Cνθυφαιρέω : vb, take away in turn; see α^ρέω.

Cνίστηµι : vb, set up; see Jστηµι.

{νισος -ον : adj, unequal, uneven.

Cντιπάσχω : vb, be reciprocally proportional; see πάσχω.

{ξων -ονος, � : vb, axis.

�παξ : adv, once.

�πας, �πασα, �παν : adj, quite all, the whole.

{πειρος -ον : adj, infinite.

Cπεναντίον : ind, opposite.

Cπέχω : vb, be far from, be away from; see Sχω.

Cπλατής -ές : adj, without breadth.

Cπόδειξις -εως, X : no, proof.

Cποκαθίστηµι : vb, re-establish, restore; see Jστηµι.

Cπολαµβάνω : vb, take from, subtract from, cut off from; see
λαµβάνω.

Cπότµηµα -ατος, τ] : no, piece cut off, segment.

Cποτοµή, X : vb, piece cut off, apotome.

�πτω, �ψω, �ψα, —, �µµαι, — : vb, touch, join, meet.

Cπώτερος -α -ον : adj, further off.

{ρα : par, thus, as it seems (inferential).

Cριθµός, � : no, number.

Cρτιάκις : adv, an even number of times.

αρτιόπλευρος -ον : adj, having a even number of sides.

{ρχω, {ρξω, �ρξα, �ρχα, �ργµαι, �ρχθην : vb, rule; mid., be-
gin.

Cσύµµετρος -ον : adj, incommensurable.

Cσύµπτωτος -ον : adj, not touching, not meeting.

{ρτιος -α -ον : adj, even, perfect.

{τµητος -ον : adj, uncut.

Cτόπος -ον : adj, absurd, paradoxical.

α:τόθεν : adv, immediately, obviously.

Cφαίρεω : vb, take from, subtract from, cut off from; see α^ρέω.

\φή, X : no, point of contact.

βάθος -εος, τό : no, depth, height.

βαίνω, -βήσοµαι, -έβην, βέβηκα, —, — : vb, walk; perf, stand
(of angle).

βάλλω, βαλ[, Sβαλον, βέβληκα, βέβληµαι, 4βλήθην : vb, throw.

βάσις -εως, X : no, base (of a triangle).

γάρ : conj, for (explanatory).

γί[γ]νοµαι, γενήσοµαι, 4γενόµην, γέγονα, γεγένηµαι, — : vb, hap-
pen, become.

γνώµων -ονος, X : no, gnomon.

γραµµή, X : no, line.

γράφω, γράψω, Sγρα[ψ/φ]α, γέγραφα, γέγραµµαι, 4ραψάµην : vb,
draw (a figure).

γωνία, X : no, angle.

δε1 : vb, be necessary; δε1, it is necessary; Sδει, it was necassary;
δέον, being necessary.

δείκνυµι, δείξω, Sδειξα, δέδειχα, δέδειγµαι, 4δείχθην : vb, show,
demonstrate.

δεικτέον : ind, one must show.

δε1ξις -εως, X : no, proof.

δείχνjµι, δείξω, Sδειξα, δέδειχα, δέδειγµαι, 4δείχθην : vb, show,
demonstrate.

δεκαγώνος -ον : adj, ten-sided; τ] δεκαγώνον, no, decagon.

δέχοµαι, δέξοµαι, 4δεξάµην, —, δέδεγµαι, 4δέχθην : vb, receive,
accept.

δή : conj, so (explanatory).

δηλαδή : ind, quite clear, manifest.

δAλος -η -ον : adj, clear.

δηλονότι : adv, manifestly.

διάγω : vb, carry over, draw through, draw across; see {γω.

διαγώνιος -ον : adj, diagonal.
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διαλείπω : vb, leave an interval between.

διάµετρος -ον : adj, diametrical; X διάµετρος, no, diameter,
diagonal.

διαίρεσις -εως, X : no, division, separation.

διαιρέω : vb, divide (in two); διαρεθέντος -η -ον, adj, sepa-
rated (ratio); see α^ρέω.

διάστηµα -ατος, τό : no, radius.

διαφέρω : vb, differ; see φέρω.

δίδωµι, δώσω, Sδωκα, δέδωκα, δέδοµαι, 4δόθην : vb, give.

διµοίρος -ον : adj, two-thirds.

διπλασιάζω : vb, double.

διπλάσιος -α -ον : adj, double, twofold.

διπλασίων -ον : adj, double, twofold.

διπλοjς -A -οjν : adj, double.

δίς : adv, twice.

δίχα : adv, in two, in half.

διχοροµία, X : no, point of bisection.

δυάς -άδος, X : no, the number two, dyad.

δύναµαι : vb, be able, be capable, generate, square, be when
squared; δυναµένη, X, no, square-root (of area)—i.e.,
straight-line whose square is equal to a given area.

δύναµις -εως, X : no, power (usually 2nd power when used in
mathematical sence, hence), square.

δυνατός -ή -όν : adj, possible.

δωδεκάεδρος -ον : adj, twelve-sided.

Nαυτοj -Aς -οj : adj, of him/her/it/self, his/her/its/own.

4γγίων -ον : adj, nearer, nearest.

4γγράφω : vb, inscribe; see γράφω.

ε|δος -εος, τό : no, figure, form, shape.

εkκοσάεδρος -ον : adj, twenty-sided.

εJρω/λέγω, 4ρ[/ερέω, ε|πον, εJρηκα, εJρηµαι, 4ρρήθην : vb,
say, speak; per pass part, ειρηµένος -η -ον, adj, said,
aforementioned.

εJτε . . . εJτε : ind, either . . . or.

�καστος -η -ον : pro, each, every one.

Nκατέρος -α -ον : pro, each (of two).

4κβάλλω, 4κβαλ[, 4κέβαλον, 4κβέβίωκα, 4κβέβληµαι, 4κβληθήν
: vb, produce (a line).

4κθέω : vb, set out.

Sκκειµαι : vb, be set out, be taken; see κε1µαι.

4κτίθηµι : vb, set out; see τίθηµι.

4κτός : pre + gen, outside, external.

4λά[σσ/ττ]ων -ον : adj, less, lesser.

4λλείπω : vb, be less than, fall short of.

4µπίπτω : vb, meet (of lines), fall on; see πίπτω.

Sµπροσθεν : adv, in front.

4ναλλάξ : adv, alternate(ly).

4ναρµόζω : vb, insert; perf indic pass 3rd sg, 4νήρµοσται.

4νδέχοµαι : vb, admit, allow.

�νεκεν : ind, on account of, for the sake of.

4νναπλάσιος -α -ον : adj, nine-fold, nine-times.

Sννοια, X : no, notion.

ενπεριέχω : vb, encompass.

4νπίπτω : see 4µπίπτω.

4ντός : pre + gen, inside, interior, within, internal.

Nξάγωνος -ον : adj, hexagonal; τ] Nξάγωνον, no, hexagon.

Nξαπλάσιος -α -ον : adj, sixfold.

NξAς : adv, in order, successively, consecutively.

Sξωθεν : adv, outside, extrinsic.

4πάνω : adv, above.

4παφή, X : no, point of contact.

4πεί : conj, since (causal).

4πειδήπερ : ind, inasmuch as, seeing that.

4πιζεύγνjµι, 4πιζεύξω, 4πέζευξα, —, 4πέζευγµαι, 4πέζεύχθην : vb,
join (by a line).

4πιλογίζοµαι : vb, conclude.

4πινοέω : vb, think of, contrive.

4πιπέδος -ον : adj, level, flat, plane; τ] 4πιπέδον, no, plane.

4πισκέπτοµαι : vb, investigate.

4πίσκεψις -εως, X : no, inspection, investigation.

4πιτάσσω : vb, put upon, enjoin; τ] 4πιταχθέν, no, the (thing)
prescribed; see τάσσω.

4πίτριτος -ον : adj, one and a third times.

4πιφάνεια, X : no, surface.

Sποµαι : vb, follow.

Sρχοµαι, 4λεύσοµαι, �λθον, 4λήλυθα, —, — : vb, come, go.

Sσχατος -η -ον : adj, outermost, uttermost, last.

4τερόµηκης -ες : adj, oblong; τ] 4τερόµηκες, no, rectangle.

�τερος -α -ον : adj, other (of two).

Sτι : par, yet, still, besides.

ε:θύγραµµος -ον : adj, rectilinear; τ] ε:θύγραµµον, no, rec-
tilinear figure.

ε:θύς -ε1α -ύ : adj, straight; X ε:θε1α, no, straight-line; 4πM
ε:θε1ας, in a straight-line, straight-on.

εfρίσκω, εfρήσκω, η7ρον, ε�ρεκα, ε�ρηµαι, εfρέθην : vb, find.

4φάπτω : vb, bind to; mid, touch; X Nφαπτοµένη, no, tangent;
see �πτω.

4φαρµόζω, 4φαρµόσω, 4φήρµοσα, 4φήµοκα, 4φήµοσµαι, 4φήµόσθην
: vb, coincide; pass, be applied.

4φεξAς : adv, in order, adjacent.

4φίστηµι : vb, set, stand, place upon; see Jστηµι.

Sχω, �ξω, Sσχον, Sσχηκα, -έσχηµαι, — : vb, have.

Xγέοµαι, Xγήσοµαι, Xγησάµην, Xγηµαι, —, Xγήθην : vb, lead.
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gδη : ind, already, now.

Hκω, Hξω, —, —, —, — : vb, have come, be present.

Xµικύκλιον, τό : no, semi-circle.

Xµιόλιος -α -ον : adj, containing one and a half, one and a
half times.

Hµισυς -εια -υ : adj, half.

gπερ = g + περ : conj, than, than indeed.

gτοι . . . g : par, surely, either . . . or; in fact, either . . . or.

θέσις -εως, X : no, placing, setting, position.

θεωρηµα -ατος, τό : no, theorem.

Jδιος -α -ον : adj, one’s own.

kσάκις : adv, the same number of times; kσάκις πολλαπλάσια,
the same multiples, equal multiples.

kσογώνιος -ον : adj, equiangular.

kσόπλευρος -ον : adj, equilateral.

kσοπληθής -ές : adj, equal in number.

Jσος -η -ον : adj, equal; 4ξ Jσου, equally, evenly.

kσοσκελής -ές : adj, isosceles.

Jστηµι, στήσω, Sστησα, —, —, 4σταθην : vb tr, stand (some-
thing).

Jστηµι, στήσω, Sστην, �στηκα, �σταµαι, 4σταθην : vb intr, stand
up (oneself); Note: perfect I have stood up can be taken
to mean present I am standing.

kσοϋψής -ές : adj, of equal height.

καθάπερ : ind, according as, just as.

κάθετος -ον : adj, perpendicular.

καθόλου : adv, on the whole, in general.

καλέω : vb, call.

κCκεινος = καR 4κε1νος .

κ{ν = καR {ν : ind, even if, and if.

καταγραφή, X : no, diagram, figure.

καταγράφω : vb, describe/draw, inscribe (a figure); see γράφω.

κατακολουθέω : vb, follow after.

καταλείπω : vb, leave behind; see λείπω; τ` καταλειπόµενα, no,
remainder.

κατάλληλος -ον : adj, in succession, in corresponding order.

καταµετρέω : vb, measure (exactly).

καταντάω : vb, come to, arrive at.

κατασκευάζω : vb, furnish, construct.

κε1µαι, κε1σοµαι, —, —, —, — : vb, have been placed, lie, be
made; see τίθηµι.

κέντρον, τό : no, center.

κλάω : vb, break off, inflect.

κλίνω, κλίνω, Sκλινα, κέκλικα, κέκλιµαι, 4κλίθην : vb, lean, in-
cline.

κλίσις -εως, X : no, inclination, bending.

κο1λος -η -ον : adj, hollow, concave.

κορυφή, X : no, top, summit, apex; κατ` κορυφήν, vertically
opposite (of angles).

κρίνω, κριν[, Sκρ1να, κέκρικα, κέκριµαι, 4κρίθην : vb, judge.

κύβος, � : no, cube.

κύκλος, � : no, circle.

κύλινδρος, � : no, cylinder.

κυρτός -ή -όν : adj, convex.

κ[νος, � : no, cone.

λαµβάνω, λήψοµαι, Sλαβον, εJληφα εJληµµαι, 4λήφθην : vb,
take.

λέγω : vb, say; pres pass part, λεγόµενος -η -ον, no, so-called;
see Sιρω.

λείπω, λείψω, Sλιπον, λέλοιπα, λέλειµµαι, 4λείφθην : vb, leave,
leave behind.

ληµµάτιον, τό : no, diminutive of λAµµα.

λAµµα -ατος, τό : no, lemma.

λAψις -εως, X : no, taking, catching.

λόγος, � : no, ratio, proportion, argument.

λοιπός -ή -όν : adj, remaining.

µανθάνω, µαθήσοµαι, Sµαθον, µεµάθηκα, —, — : vb, learn.

µέγεθος -εος, τό : no, magnitude, size.

µείζων -ον : adj, greater.

µένω, µεν[, Sµεινα, µεµένηκα, —, — : vb, stay, remain.

µέρος -ους, τό : no, part, direction, side.

µέσος -η -ον : adj, middle, mean, medial; 4κ δύο µέσων, bi-
medial.

µεταλαµβάνω : vb, take up.

µεταξύ : adv, between.

µετέωρος -ον : adj, raised off the ground.

µετρέω : vb, measure.

µέτρον, τό : no, measure.

µηδείς, µηδεµία, µηδέν : adj, not even one, (neut.) nothing.

µηδέποτε : adv, never.

µηδέτερος -α -ον : pro, neither (of two).

µAκος -εος, τό : no, length.

µήν : par, truely, indeed.

µονάς -άδος, X : no, unit, unity.

µοναχός -ή -όν : adj, unique.

µοναχ[ς : adv, uniquely.

µόνος -η -ον : adj, alone.

νοέω, —, νόησα, νενόηκα, νενόηµαι, 4νοήθην : vb, apprehend,
conceive.

ο�ος -α -ον : pre, such as, of what sort.

bκτάεδρος -ον : adj, eight-sided.

eλος -η -ον : adj, whole.

�µογενής -ές : adj, of the same kind.

eµοιος -α -ον : adj, similar.
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�µοιοπληθής -ές : adj, similar in number.

�µοιοταγής -ές : adj, similarly arranged.

�µοιότης -ητος, X : no similarity.

�µοίως : adv, similarly.

�µόλογος -ον : adj, corresponding, homologous.

�µοταγής -ές : adj, ranged in the same row or line.

�µώνυµος -ον : adj, having the same name.

�νοµα -ατος, τό : no, name; 4κ δύο bνοµάτων, binomial.

bξυγώνιος -ον : adj, acute-angled; τ] bξυγώνιον, no, acute an-
gle.

bξύς -ε1α -ύ : adj, acute.

�ποιοσοjν = �πο1ος -α -ον + οzν : adj, of whatever kind, any
kind whatsoever.

�πόσος -η -ον : pro, as many, as many as.

�ποσοσδηποτοjν = �πόσος -η -ον + δή + ποτέ + οzν : adj,
of whatever number, any number whatsoever.

�ποσοσοjν = �πόσος -η -ον + οzν : adj, of whatever num-
ber, any number whatsoever.

�πότερος -α -ον : pro, either (of two), which (of two).

bρθογώνιον, τό : no, rectangle, right-angle.

bρθός -ή -όν : adj, straight, right-angled, perpendicular; πρ]ς
bρθ`ς γωνίας, at right-angles.

�ρος, � : no, boundary, definition, term (of a ratio).

�σαδηποτοjν = eσα + δή + ποτέ + οzν : ind, any number
whatsoever.

�σάκις : ind, as many times as, as often as.

�σαπλάσιος -ον : pro, as many times as.

eσος -η -ον : pro, as many as.

eσπερ, Hπερ, eπερ : pro, the very man who, the very thing
which.

eστις, Hτις, e τι : pro, anyone who, anything which.

eταν : adv, when, whenever.

�τιοjν : ind, whatsoever.

ο:δείς, ο:δεµία, ο:δέν : pro, not one, nothing.

οfδέτερος -α -ον : pro, not either.

οfθέτερος : see οfδέτερος.

ο:θέν : ind, nothing.

οzν : adv, therefore, in fact.

ο�τως : adv, thusly, in this case.

πάντως : adv, in all ways.

παρ` : prep + acc, parallel to.

παραβάλλω : vb, apply (a figure); see βάλλω.

παραβολή, X : no, application.

παράκειµαι : vb, lie beside, apply (a figure); see κε1µαι.

παραλλάσσω, παραλλάξω, —, παρήλλαχα, —, — : vb, miss, fall
awry.

παραλληλεπίπεδος, -ον : adj, with parallel surfaces; τ] πα-
ραλληλεπίπεδον, no, parallelepiped.

παραλληλόγραµµος -ον : adj, bounded by parallel lines; τ]
παραλληλόγραµµον, no, parallelogram.

παράλληλος -ον : adj, parallel; τ] παράλληλον, no, parallel,
parallel-line.

παραπλήρωµα -ατος, τό : no, complement (of a parallelogram).

παρατέλυετος -ον : adj, penultimate.

παρέκ : prep + gen, except.

παρεµπίπτω : vb, insert; see πίπτω.

πάσχω, πείσοµαι, Sπαθον, πέπονθα, —, — : vb, suffer.

πεντάγωνος -ον : adj, pentagonal; τ] πεντάγωνον, no, pen-
tagon.

πενταπλάσιος -α -ον : adj, five-fold, five-times.

πεντεκαιδεκάγωνον, τό : no, fifteen-sided figure.

πεπερασµένος -η -ον : adj, finite, limited; see περαίνω.

περαίνω, περαν[, 4πέρανα, —, πεπέρανµαι, 4περανάνθην : vb,
bring to end, finish, complete; pass, be finite.

πέρας -ατος, τό : no, end, extremity.

περατόω, —, —, —, —, — : vb, bring to an end.

περιγράφω : vb, circumscribe; see γράφω.

περιέχω : vb, encompass, surround, contain, comprise; see
Sχω.

περιλαµβάνω : vb, enclose; see λαµβάνω.

περιλείποµαι : vb, remain over, be left over.

περισσάκις : adv, an odd number of times.

περισσός -ή -όν : adj, odd.

περιφέρεια, X : no, circumference.

περιφέρω : vb, carry round; see φέρω.

πηλικότης -ητος, X : no, magnitude, size.

πίπτω, πεσοjµαι, Sπεσον, πέπτωκα, —, — : vb, fall.

πλάτος -εος, τό : no, breadth, width.

πλείων -ον : adj, more, several.

πλευρά, X : no, side.

πλAθος -εος, τ] : no, great number, multitude, number.

πλήν : adv & prep + gen, more than.

ποιός -ά -όν : adj, of a certain nature, kind, quality, type.

πολλαπλασιάζω : vb, multiply.

πολλαπλασιασµός, � : no, multiplication.

πολλαπλάσιον, τό : no, multiple.

πολύεδρος -ον : adj, polyhedral; τό πολύεδρον, no, polyhe-
dron.

πολύγωνος -ον : adj, polygonal; τό πολύγωνον, no, polygon.

πολύπλευρος -ον : adj, multilateral.

πόρισµα -ατος, τό : no, corollary.

ποτέ : ind, at some time.
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πρ1σµα -ατος, τ] : no, prism.

προβαίνω : vb, step forward, advance.

προδείκνυµι : vb, show previously; see δείκνυµι.

προεκτίθηµι : vb, set forth beforehand; see τίθηµι.

προερέω : vb, say beforehand; perf pass part, προειρηµένος -η
-ον, adj, aforementioned; see εJρω.

προσαναπληρόω : vb, fill up, complete.

προσαναγράφω : vb, complete (tracing of); see γράφω.

προσαρµόζω : vb, fit to, attach to.

προσεκβάλλω : vb, produce (a line); see 4κβάλλω.

προσευρίσκω : vb, find besides, find; see εfρίσκω.

προσλαµβάµω : vb, add.

προκειµαι : vb, set before, prescribe.

πρόσκειµαι : vb, be laid on, have been added to; see κε1µαι.

προσπίπτω : vb, fall on, fall toward, meet; see πίπτω.

προτασις -εως, X : no, proposition.

προστάσσω : vb, prescribe, enjoin; τ] τροσταχθέν, no, the
thing prescribed; see τάσσω.

προστίθηµι : vb, add; see τίθηµι.

πρότερος -α -ον : adj, first (comparative), before, former.

προτίθηµι : vb, assign; see τίθηµι.

προχωρέω : vb, go/come forward, advance.

πρ[τος -α -ον : adj, first, prime.

πυραµίς -ίδος, X : no, pyramid.

tητός -ή -όν : adj, expressible, rational.

tοµβοειδής -ές : adj, rhomboidal; τ] tοµβοειδές, no, rom-
boid.

tόµβος, � no, rhombus.

σηµε1ον, τό : no, point.

σκαληνός -ή -όν : adj, scalene.

στερεός -ά -όν : adj, solid; τ] στερεόν, no, solid, solid body.

στοιχε1ον, τό : no, element.

στρέφω, -στρέψω, Sστρεψα, —, 4σταµµαι, 4στάφην : vb, turn.

σύγκειµαι : vb, lie together, be the sum of, be composed;
συγκείµενος -η -ον, adj, composed (ratio), compounded;
see κε1µαι.

σύγκρίνω : vb, compare; see κρίνω.

συµβαίνω : vb, come to pass, happen, follow; see βαίνω.

συµβάλλω : vb, throw together, meet; see βάλλω.

σύµµετρος -ον : adj, commensurable.

σύµπας -αντος, � : no, sum, whole.

συµπίπτω : vb, meet together (of lines); see πίπτω.

συµπληρόω : vb, complete (a figure), fill in.

συνάγω : vb, conclude, infer; see {γω.

συναµφότεροι -αι -α : adj, both together; � συναµφότερος,
no, sum (of two things).

συναποδείκνυµι : no, demonstrate together; see δείκνυµι.

συναφή, X : no, point of junction.

σύνδυο, ο^, α^, τά : no, two together, in pairs.

συνεχής -ές : adj, continuous; κατ` τ] συνεχές, continuously.

σύνθεσις -εως, X : no, putting together, composition.

σύνθετος -ον : adj, composite.

συ[ν]ίστηµι : vb, construct (a figure), set up together; perf im-
perat pass 3rd sg, συνεστάτω; see Jστηµι.

συντίθηµι : vb, put together, add together, compound (ratio);
see τίθηµι.

σχέσις -εως, X : no, state, condition.

σχAµα -ατος, τό : no, figure.

σφα1ρα -ας, X : no, sphere.

τάξις -εως, X : no, arrangement, order.

ταράσσω, ταράξω, —, —, τετάραγµαι, 4ταράχθην : vb, stir, trou-
ble, disturbe; τεταραγµένος -η -ον, adj, disturbed, per-
turbed.

τάσσω, τάξω, Sταξα, τέταχα, τέταγµαι, 4τάχθην : vb, arrange,
draw up.

τέλειος -α -ον : adj, perfect.

τέµνω, τεµν[, Sτεµον, -τέτµηκα, τέτµηµαι, 4τµήθην : vb, cut;
pres/fut indic act 3rd sg, τέµει.

τεταρτηµοριον, τ] : no, quadrant.

τετράγωνος -ον : adj, square; τ] τετράγωνον, no, square.

τετράκις : adv, four times.

τετραπλάσιος -α -ον : adj, quadruple.

τετράπλευρος -ον : adj, quadrilateral.

τετραπλόος -η -ον : adj, fourfold.

τίθηµι, θήσω, Sθηκα, τέθηκα, κε1µαι, 4τέθην : vb, place, put.

τµAµα -ατος, τό : no, part cut off, piece, segment.

τοίνυν : par, accordingly.

τοιοjτος -αύτη -οjτο : pro, such as this.

τοµεύς -έως, � : no, sector (of circle).

τοµή, X : no, cutting, stump, piece.

τόπος, � : no, place, space.

τοσαυτάκις : adv, so many times.

τοσαυταπλάσιος -α -ον : pro, so many times.

τοσοjτος -αύτη -οjτο : pro, so many.

τουτέστι = τοjτM Sστι : par, that is to say.

τραπέζιον, τό : no, trapezium.

τρίγωνος -ον : adj, triangular; τ] τρίγωνον, no, triangle.

τριπλάσιος -α -ον : adj, triple, threefold.

τρίπλευρος -ον : adj, trilateral.

τριπλ-όος -η -ον : adj, triple.

τρόπος, � : no, way.
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τυγχάνω, τεύξοµαι, Sτυχον, τετύχηκα, τέτευγµαι, 4τεύχθην :
vb, hit, happen to be at (a place).

fπάρχω : vb, begin, be, exist; see {ρχω.

fπεξαίρεσις -εως, X : no, removal.

fπερβάλλω : vb, overshoot, exceed; see βάλλω.

fπεροχή, X : no, excess, difference.

fπερέχω : vb, exceed; see Sχω.

fπόθεσις -εως, X : no, hypothesis.

fπόκειµαι : vb, underlie, be assumed (as hypothesis); see κε1µαι.

fπολείπω : vb, leave remaining.

fποτείνω, fποτεν[, fπέτεινα, fποτέτακα, fποτέταµαι, fπετάθην
: vb, subtend.

�ψος -εος, τό : no, height.

φανερός -ά -όν : adj, visible, manifest.

φηµR, φήσω, Sφην, —, —, — : vb, say; Sφαµεν, we said.

φέρω, οJσω, gνεγκον, 4νήνοχα, 4νήνεγµαι, mνέχθην : vb, carry.

χώριον, τό : no, place, spot, area, figure.

χωρίς : pre + gen, apart from.

ψαύω : vb, touch.

�ς : par, as, like, for instance.

�ς �τυχεν : par, at random.

�σαύτως : adv, in the same manner, just so.

�στε : conj, so that (causal), hence.
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