
Intro to Logic - Midterm Review (2)

⊢ ψ 
φ1, φ2, …, φk ⊢ ψ

Derivability



Syntax and 
Semantics of 
propositional logic

Derivations in 
propositional logic

Key notions

✤ Inductive definition of formulas !
✤ !V ⊨ ψ#!
✤   ⊨ ψ!
✤ !φ1, φ2, …, φk ⊨ ψ

What We’ve Done So Far

✤ Derivation rules!
✤ ⊢ ψ#
✤ φ1, φ2, …, φk ⊢ ψ#



Rules of Derivation in 
Propositional Logic



Reiteration

φ    !
——R!
  φ!

If you have 
derived a formula, you 

can repeat it in the 
next line

 φ!
    .!
    .!
    .!
 —— R!
   φ !

WRONG use of R!



Notation

Greek letters such as φ, ψ or σ are 
used to represent any formula.!
!
 Now, if you see an expression such as   
φ ∧ ψ in the statement of a derivation 
rule, φ ∧ ψ represents any formula that 
has the shape of a conjunction such that 
the conjuncts  φ and ψ can be any 
formula. The same goes for expressions 
such as φ ∨ ψ, φ → ψ, or ¬φ

!
¬φ  is an 
abbreviation of!
φ → ⊥



Rules for ∧

φ ∧ ψ!
————∧E!
! φ!

φ ∧ ψ!
————∧E!
! ψ!

φ     ψ!
————∧I!
   φ ∧ ψ!

Derivation rules are introduced for the different connectives and 
there are introduction rules and elimination rules such as ∧I  and ∧E



Rules for →

φ   φ→ψ!
————— →E!
        ψ!

 [φ]i!
! .!
! .!
! .!
    ψ!
———— →Ii!
   φ→ψ !

This is modus ponens

 This rules says that 
if you assume φ and 

then manage to derive 
ψ, you can derive 
φ→ψ and cancel 

assumption φ



Derivations Rules Covered So Far 

φ    !
——R!
  φ!

φ ∧ ψ!
————∧E!
! φ!

φ ∧ ψ!
————∧E!
! ψ!

φ     ψ!
————∧I!
   φ ∧ ψ!

φ   φ→ψ!
————— →E!
        ψ!

 [φ]i!
! .!
! .!
! .!
    ψ!
——— →Ii!
   φ→ψ !



Derivability:    ⊢

# ⊢ ψ                   iff !
there is a derivation of ψ in which all assumptions are canceled.  

φ_1, φ_2, …, φ_k ⊢ ψ       # iff !
there is a derivation of ψ from assumptions φ_1, φ_2, …, φ_k



Example (1)

PHIL 50 – INTRODUCTION TO LOGIC

MARCELLO DI BELLO – STANFORD UNIVERSITY

SAMPLE DERIVATIONS IN PROPOSITIONAL LOGIC

1 DERIVATIONS USING THE RULES FOR ^ AND THE RULES FOR !

` (' ^  ) ! ( ^ ')

[' ^  ]1
 

^E [' ^  ]1
' ^E

 ^ ' ^I

(' ^  ) ! ( ^ ') ! I1

` '! ( ! ')

[ ]1

[']2

 ! ' ! I1

'! ( ! ') ! I2

` ('!  ) ! (( ! �) ! ('! �))

[ ! �]2
[']1 ['!  ]3

 
� ! E

'! � ! I1

( ! �) ! ('! �) ! I2

('!  ) ! (( ! �) ! ('! �)) ! I3
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Example (4)
SAMPLE DERIVATIONS IN PROP. LOGIC INTRODUCTION TO LOGIC – 2 of 5

` ((' ^  ) ! �) ! ('! ( ! �))
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[']2 [ ]1

' ^  ^I
� ! E

 ! � ! I1

'! ( ! �) ! I2
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STRATEGY 1: Whenever you are trying to construct a derivation of a formula of the form
' !  , the most natural thing to do is to assume ', and then attempt to derive  . Once
you have derived  from the assumption ', you can finally derive ' !  by applying ! I
which also allows you to cancel the initial assumption '.

This strategy applies at any stage of the derivation process. You might need to derive a
formula of the form ' !  as the very last formula of your derivation, or you might need
to derive a formula of the form '!  at the beginning or in the middle of your derivation.
In either case, STRATEGY 1 applies.

STRATEGY 2: Often it is useful to work backwards. Ask yourself, which rule will allow me
to derive the formula I need to derive? If the formula is of the form ' !  , the rule to use
is ! I; see STRATEGY 1. If the formula is a conjunction of the form '^ , then you should
try to derive each conjunct independently, and then apply ^I so that you can derive ' ^  .

2 DERIVATIONS USING THE RULES FOR ^ AND THE RULES FOR ! AND INVOLVING
FORMULAS WITH ¬

` '! (¬'!  )

[']1 [¬']2
? ! E

 ?

¬'!  ! I2

'! (¬'!  ) ! I1

2
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