
The Semantic and the Syntactic 
Perspective
✤ Logical Consequence

φ1, φ2, …, φk ⊨ ψ 

iff
# all valuations V’s that make φ1, φ2, …, φk true also make ψ true



The Semantic and the Syntactic 
Perspective
✤ Logical Consequence
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✤ Derivability  

 φ1, φ2, …, φk  ⊢ ψ 

iff
# there is a derivation whose assumptions are φ1, φ2, …, φk and whose 

conclusion is ψ



What Does a Derivation Look Like?
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Let us begin with the rule for _I. This should be self-explanatory. The rule codifies the idea
that if you have a derivation of ', then you also have a derivation of ' _  , where  is any
formula whatsoever.

To illustrate, together with other rules, rule _I allows us to derive that (' !  ) !
('! ( _ �)), as follows:

[']1 ['!  ]2

 
! E

 _ � _I

'! ( _ �) ! I1

('!  ) ! ('! ( _ �)) ! I2

We can also derive the Principle of Excluded Middle in a somewhat cumbersome way as
follows:

[']1

' _ ¬' _I [¬(' _ ¬')]2
? ! E

¬' ! I1

' _ ¬' _I [¬(' _ ¬')]2
? ! E

' _ ¬' RAA2

Note that the above derivation of ' _ ¬' crucially rests on RAA. Without RAA, we would
only be able to derive ¬¬(' _ ¬'). The double negative claim ¬¬(' _ ¬') is accepted by
the intuitionistic logician, but the positive claim ' _ ¬' is not.

I shall now comment on the rule for _E. The rule says that if you have a derivation of
� from ' and if you have a derivation of � from  , then you have a derivation of � from
' _  . Note that if ' and  are assumptions, these assumptions are canceled through the
application of _E. (If ' and  are not assumptions, then it is pointless to apply the rule
in question. It is pointless, because you would be able to derive � right away.) We should
distinguish two case here.

In one case, ' _  is a new assumption. If so, this new assumption should be assigned
a different number from ' and  . The following derivation can illustrate the point:

[' _ �]3

[']1 [ ]2

' ^  ^I

(' ^  ) _ � _I
[�]1

(' ^  ) _ � _I

(' ^  ) _ � _E1

(' _ �) ! ((' ^  ) _ �) ! I3

 ! ((' _ �) ! ((' ^  ) _ �)) ! I2
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