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Statements of Modal lL.ogic

]

Statements in Propositional and
Predicate Logic are typically
about the world as it is ,

Statements in Modal Logic are

( Statements in Modal \

about the world as it could be | Logic:

(e.g. the world in our

imagination, the world in our “Possibly (A)”
beliefs, the world in the future “Necessarily (A)”

or in the past) k“ o
.S S




A Key Notion in Modal Logic 1s
POSSIBLE WORL.D

@ is a possible WOD




Two Views About Possible Worlds
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Robust view of possible worlds

Possible worlds are alternative
worlds made up of things,
objects, people, etc. which exist
somewhere far away from the
actual (or current) world.

This position resembles the

doctrine of “parallel universes”.

. i

q ;-

Thin view of possible worlds

Possible worlds are alternatives
to the actual world but they
need not exist somewhere far

/

Qway from the actual world.




We Shall Not Take Side i the
Dispute Between the Robust and the
Thin View of Possible Worlds




W — The Set of all Possible Worlds

We can represent a
possible world
simply as a dot.

We can represent
the set W of all
possible worlds as a
diagram containing
many (possibly
infinite) dots.



The Actual World — the World We lL.ive 1in

We can single out
the actual world

from the other
possible worlds.




Ditferent Formulas are 'ITrue at

Different Worlds

In a world, formulas p, q,
and r are all true.

In another world, formula q
is true while formulas p and
r are false.

In still another world,
formulas r and p are true
and q is false.




We Can lL.abel Possible Worlds

Formulas p, q, and r are all
true in possible world wi

Formula q is true and
formulas p and r are false in
possible world w»

Formulas r and p are true
and formula q is false in
possible world w3




W (l) W H (l)
NOtatIOH: ¢ is true at world w ¢ is false at world w

W1|=p
W1|=q
WikET

W2 = P
W2|=q
Wo T

W3|=p
W3 i~
W3kFET



What if a Formula i1s True in All
Possible Worlds?

Formula ¢ is true in
all possible worlds, so
it is necessarily true

To express that a
formula is necessarily
true, we shall write O

(read “box ¢”)




What if a Formula 1s True mm Some

Or At Least One) Possible World(s)?

Formula ¢ is true in
some possible worlds,
so it is possibly true

To express that a
formula is possibly

true, we shall write ¢¢
(read “diamond ¢”)

NB: A formula can be both
necessarily true and possibly true.



We Now Enrich Our Modal Logic with

Predicates, Constants, and Quantifiers




Inside a Possible World

For each world w, we have:

+ domain Dw of objects

+ interpretation function Iw
for constant symbols and
predicate symbols

+ a variable assignment gw
for variable symbols

NB: Dw, Iw, gw can be different

4 BN p

In predicate logic, the truth of a
formula is relative to a fixed
model M.

In modal (predicate) logic the
truth of a formula is relative to
each possible world and each
possible world 1s similar to a
model of predicate logic.

\from one world to another /
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A Model M in Modal Logic

// In predicate logic, a i /r In predicate modal logic, a o

model consists of model is a set W of possible worlds
w, where each world w consists of

(1) a domain D, (1) a domain Dy,

(2) an interpretation I, and (2) an interpretation I, and

(3) an assignment function g. (3) an assignment function guw.
There are many models, depending

There are many models, on how Dy, Iw, and g are defined

depending on how D, I, and g for each possible world w.

\_are defined. / o i

eed




Truth 1n a Possible World

(MweP@© i OELMP |

Note how truth
conditions are
indexed to the

possible world w

[M,w|=a=b iff  dw(a), Iw(b)) Iw(=) )
2 )
M,wE-b iff M, wH#d

M,w=EdA Y iff M,weEdand M, w =1
M,w=EodV Y iff M weEdorM,wkE=Y
MweEb—=1v iff M wkEdobimpliesM,wk=1Y i

o

~
M, w = Ixd iff there is a d [d € Dw and {Dw, Iw, wix=ap & O]

OB L TR

P
M, w = Vxd iff for all d [if d € Dw, then {Dw, Lw, Swix=ap E ]




...and the Truth Conditions for the
Modal Formulas...

rf"
M,wkEOob iff forall v, it holds thatM, vE ¢
M, wE< ¢ iff  for some v, it holds that M, v = ¢




Notation for Truth and Validity

L >

TRUTH in a model:
Instead of writing

M, wEdd
we can also simply writing

wEO

e
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VALIDITY:
= O iff M, wkE ¢ for all models M and all

possible worlds w.




l.et’s Discuss a Controversial
FFormula by Ruth Barcan Marcus




The Barcan Formula:

YV x

Px—

VxPx

If everything is necessarily P, then
necessarily everything is P.




Barcan Formula: VxOPx—0OVxPx

It is Valid? Not Necessarily

2 "\ ( Is the Barcan Formula always 5
Consider a model M with two true? |
worlds w and v where: N s
Do ={®, @} and L/(P)=(®, =} | ( i
D.={%, = &) and L(P)={®, <} No, because the antecedent is

true in w, but the consequent is
Sw=gu false in w.
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, &
VXPX Dw={%®, =} and L. (P)={%®, =}

- S D.={%¢, =, %} and I.(P)={®, =}
Itis Vahd? (1) & 3

\\

fM, w = VxOPx iff

for all d [if d € Dw, then {Dw, Iw, wix=ap &= OPx]

for all d [if d € Dw, then for all worlds v, (Dy, I, gop=ap E Px]
for all d [if d € Dw, then for all worlds v, gop:=a1(x) € 1,(P)]

Note that (*) holds because
(1) we should only consider the objects in Dwnamely ® and <, and

(2) we should check that both objects % and =, in all possible worlds,

namely w and u, are in the sets Iw(P) and I.(P).
Now, both % and = are in Iw(P) and L.(P), so (*) holds.

So, M, w = VxOPx . The antecedent is true in w.
"

for all d [if d € Dw, then for all worlds v, d € I,(P)] ()

"I‘




VX
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Itis Vahd? (2)

/"
Dw={%®, =} and Iw(P)={%, =}

N

Dy ={'¢, =, ®} and L.(P)={%®, =}

\\

S

(

%
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M, w = OvxPx iff

for all
for all
for all

for all

1) we shou!

(2) we shoul

worlds v, for all
Note that (**) does hold because
d consider the objects in Dw and in D, namely %, &, and €

worlds v, it ho!
worlds v, for all

lds that M, v & VxPx
I d :Z’fd E Dz), then <D7), Iz), gz)[x;=d]> — PX]

worlds v, for all d [if d € Dy, then gox=ap (x) € L,(P)]

1 d[ifd € D,, d € L(P)]

belong to the set corresponding to the interpretation of P.

Now, object ‘@

s ineE)i ot

® is not in I.(P), so (**) does not hold.
So, M, w # OvxPx . The consequent is false in w.

()

d make sure that for each possible world all the objects in it




We have just shown that the Barcan Formula
VxOPx—0OVxPx 1s invahd, but...




What If Domains Of Objects Do Not Ditfer
From One Possible World to Another?

= 3

The Barcan formula was to shown
to be invalid because we
imagined possible worlds with
different domains of objects.

X i

a/rHere’s the model we used: &

Dw={%, G@:} and IW(P)={%I C@:}

DV={(¥, s, %} and Iv(P)={%I @}
- i

/ h

If possible worlds are assumed to
have the same domain of objects,
the Barcan formula is valid. This
is left for you as an exercise.
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